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CHAPTER I 
ROTOR DYNAMICS: BACKGROUND AND STATEMENT OF THE PROBLEM 
I . I I ntroduct Ion 
From t h e  t ime t h e  wheel was invented man has been plagued w i th  
problems of bearing l ub r i ca t i on  and sha f t  dynamics. His ingenui ty has 
produced t h e  high-speed tu rb ine  r o t o r s  t h a t  power the  g ian t  j e t  l i n e r s  
o f  t h e  present age and t h e  vast  ar ray o f  process machinery t h a t  t he  
American i n d u s t r i a l  community must keep i n  operat ion t o  meet the  demands 
o f  our society.  
A t y p i c a l  example of a small high-speed r o t a t i n g  u n i t  i s  shown i n  
Fig. 1 . 1 .  This i s  a cut-away of t h e  Brayton-cycle turbine-generator 
u n i t  t h a t  has a design speed of 50,000 RPM and i s  being developed fo r  
the  NASA space program. The six-stage a x i a l  compressor and s ing le  stage 
d r i v e  tu rb ine  compose one in tegra l  sha f t  system wi th  the  generator r o t o r  
and d r i v e  tu rb ine  composing t h e  second in tegra l  rotor-bear ing system. 
O f  g rea t  importance i n  such a u n i t  i s  t he  design of the  bearings and 
bearing housing mount structures.  The present analys is  w i l l  be concentrat- 
ing on methods of coupI.ing bearing and ro tb r - sha f t  dynamics. 
A vast  amount o f  informat ion has been developed t o  date concerning 
the  problems of l ub r i ca t i on  o r  separately t h e  kinematics and dynamics o f  
machinery. 
o f  rotor-bear ing system dynamics has been evolv ing s ince the  ea r l y  1960's. 
The e a r l i e s t  works i n  the  f i e l d s  o f  sha f t  v ib ra t i ons  and bearing wh i r l  
a re  Important t o  t h e  overa l l  understanding o f  the  scope o f  t he  prob ems 
o f  r o t a t i n g  equipment. The fo l low ing  background sect ion w i l l  b r i e f  y 





























review a po r t i on  of the  e a r l i e s t  work but  w i l l  concentrate on the  
present s ta te  o f  t he  a r t  i n  the  f i e l d  o f  rotor-bear ing dynamics. 
I .2 Background 
The study of r o t o r  dynamics may be broken down i n t o  four  d i s t i n c t  
areas which have been t rea ted  i n  the  l i t e r a t u r e .  These a r e  as fo l lows:  
I >  C r i t i c a l  speed analys is  
2) Unbalance response and the  inverse problem, balancing 
3 )  Analysis of se l f -exc i ted i n s t a b i l i t i e s  r e s u l t i n g  from: 
a. FI uid- f  i I m  bearings 
b. In ternal  f r i c t i o n  damping 
c. Aerodynamic and hydraul ic  cross-coupling 
4 )  Time-transient s imulat ion 
The well-known method of  Holzer f o r  f i n d i n g  t h e  tors ional  natural  
frequencies was extended by Myklestad ( I )  for  app l i ca t ion  t o  the  analys is  
of a i r c r a f t  wing s t ruc tu res  and separately by Prohl ( 2 )  who formulated 
t h e  problem s p e c i f i c a l l y  for  f l e x i b l e  ro to rs .  A tabu la r  approach as 
advanced i n  t h e i r  o r i g i n a l  works has been formulated f o r  so lu t ion  on 
d i g i t a l  computers and i s  c u r r e n t l y  being widely used for c r i t i c a l  speed 
analys is  of r o t a t i n g  shafts.  
One other  major paper of t h e  1940's concerning c r i t i c a l  speeds was 
the  work of  Green ( 3 )  which presented much data on the  e f f e c t  o f  gyroscopics 
on t h e  s ing le  overhung disk, simply supported s ing le  d i s k  and double d i s k  
rotors,  and f i n a l l y  t h e  i n f i n i t e  d i sk  case. His  work indicated the  
presence of  both forward and backward c r i t i c a l  speeds r e s u l t i n g  from 
gyroscopic e f fec ts .  
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More recent invest igat ions (4-1 0) have made s I i g h t  extens ions o f  
t h e  exce l len t  work of Green and Myklestad-Prohl to  include the  e f f e c t s  
of shear deformation and specia l ized cases such as t h e  two-bearing 
machine w i th  an overhung disk.  Yamamoto(1 I )  i n  1954 presented a major 
con t r i bu t i on  to  t h e  study of c r i t i c a l  speeds i n  which he presented both 
theo re t i ca l  and experimental observations on t h e  phenomena o f  forward 
and backward whi r l  due t o  gyroscopic e f fec ts .  Most cur ren t  c r i t i c a l  
speed codes ca l cu la te  on ly  t h e  synchronous c r i t i c a l  speeds o f  forward 
precession. 
Closely re la ted  to  t h e  problem of c r i t i c a l  speeds i s  t he  analys is  
o f  unbalance response. A major con t r i bu t i on  t o  steady-state response 
was t h e  method o f  Lund (12,131 which uses a modified Myklestad-Prohl 
technique t o  solve f o r  unbalance response. 
approach i s  presented i n  Section 2.4. The analys is  can include known 
speed dependent l i nea r  f l u i d - f i l m  bearing cha rac te r i s t i cs  and support 
f l e x i b i l i t y  arid damping. 
been conducted by Tang and Trumpler (14)  and Koenig (15). The e f f e c t  o f  
support damping i s  very important from t h e  viewpoint of reducing v ib ra t i on  
amplitudes bu t  even more important f o r  t he  reduct ion o f  forces t ransmi t ted 
through t h e  bearing and t o  t h e  support (l6,17,18). 
A deta i led  discussion o f  t h i s  
Analysis o f  multi-mass f l e x i b l e  ro to rs  has a lso  
The r o t o r  modeled i n  Fig. 1.2 has been studied (19) as an extension 
of t h e  e a r l y  work of J e f f c o t t  (20) and others (21,22,23) t o  include 
support f l e x i b i l i t y  and damping. The c r i t i c a l  speeds o f  the  resu l tan t  
two-degree o f  freedom system are shown i n  F g. 1.3 where the c r i t i c a l  
speeds d iv ided by t h e  r i g i d  support c r i t i c a  a re  p l o t t e d  versus t h e  








o f  support t o  r o t o r  mass, M. 
The unbalance response of t h i s  simple model can be used t o  
several important aspects of rotor-bearing response charac ter ls t  
example t h e  absolute r o t o r  response i s  shown i n  Fig. 1.4 (a) f o r  
passed. This phase reversal  i s  suppressed f o r  higher support damp 
indicated i n  Fig. 1.4 ( b ) .  The fo rce  t ransmi t ted t o  the  bearings 
shown i n  Fig. 1.4 (c) where the  add i t i on  o f  proper damping c l e a r l y  
I I us t ra te  
cs. For 
va r i ous 
values o f  t he  r a t i o  of  support t o  r o t o r  damping. A l i g h t l y  damped support, 
c = 0.01, produces t w o  d i s t i n c t  resonance zones i n  the  given response 
range. 
unbalance i s  shown i n  Fig. 1.4 (b) for  the  response o f  1.4 (a).  The 
l i g h t l y  damped system i s  observed t o  go through a 180' phase s h i f t  a t  the  
f i r s t  c r i t i c a l  and another phase reversal  as t h e  second c r i t i c a l  i s  
The accompanying phase s h i f t  o f  t h e  de f l ec t i on  w i th  respect t o  t h e  
ng as 
S 
wou I d 
reduce the  level  of the  forces t ransmi t ted for  the  bearing support. The 
phase s h i f t  I-o 180° and cont inu ing up to  270' a t  t h e  second c r i t i c a l  i s  
a very important concept t o  note and can be o f  great importance i n  the  
analys is  of  experimental data. The damped support i s  c l e a r l y  advantageous 
for reduct ion of t h e  forces t ransmi t ted i n  o r  near the  c r i t i c a l  speed 
reg ions o f  operat  ion. 
The inverse problem of  unbalance response i s  t h e  ever present problem 
of balancing of r o t a t i n g  equipment. The method o f  Thearle (24) i s  s t i l l  
being used for  f i e l d  balance procedure. 
problem of balancing f l e x i b l e  r o t o r s  have been presented i n  the  l i t e r a t u r e .  
The f i r s t ,  modal balancing, cons is ts  o f  balancing a t  a speed corresponding 
t o  t h e  f i r s t  mode, then successive t r i a l s  a t  each of the  higher modes To 
reach the  desired speed of operation. The other  method known as the  
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(a) ABSOLUTE ROTOR MOTION WITH A TUNED SUPPORT SYSTEM FOR VARIOUS VALUES 
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(b) PHASE ANGLE OF ABSOLUTE ROTOR MOTION RELATIVE TO UNBALANCE FOR VARIOUS 
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FIG. 1.4 AMPLITUDE. PHASE, AND FORCES TRANSMITTED FOR A TYPICAL 
SINGLE MASS FLEXIBLE ROTOR ON DAMPED SUPPORTS 
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FREQUENCY RRTIO (W/WC) 
( C )  DIMENSIONLESS FORCE TRANSMITTED TO BEARINGS VS SPEED RATIO FOR VARIOUS 
VALUES OF SUPPORT DAMPING 
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(d) SUPPORT AMPLITUDE VS SPEED FOR VARIOUS VALUES OF SUPPORT DAMPING 
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FIG. 1.4. CONCLUDED 
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inf luence c o e f f i c  
tr ia  I weights and 
mat r ix  of coef f  i c  
i n  the  rotor. 
en t  approach u t i l i z e s  informat ion obtained from added 
response data a t  each o f  several runs t o  produce a 
ents  which i s  used t o  p red ic t  t he  resu l tan t  unbalance 
A new approach presented by L i t t l e  (251 uses t h e  inf luence c o e f f i c i e n t  
technique coupled w i th  t h e  app l i ca t i on  o f  l i nea r  programming t o  a r r i v e  a t  
t he  optimum response by proper cholce o f  cor rec t ion  weight s ize  a t  l i m i t e d  
locat ions along t h e  rotor span. The problems associated w i th  balancing 
w i l l  not  be d i r e c t l y  t rea ted  i n  t h i s  presentat ion b u t t h e  l i t e r a t u r e  on 
t h i s  subject  i s  a valuable po r t i on  o f  t h e  theory of  r o t o r  dynamics (14, 
26-34 1. 
The l i t e r a t u r e  contains many references t o  t h e  observation and 
probable cause of se l f -exc i ted i n s t a b i l  i t i e s .  The ear l  i e r  repor ts  by 
Newkirk (351, Robertson (361, and others (37,381 on in ternal  f r i c t i o n  and 
hydrodynamic bearing i n s t a b i l i t y  a re  well  referenced by Gunter (391, 
Ruhl (40) and a l so  i n  (41,42,43). A review paper by Newkirk i n  1957 (441 
po in ts  o u t  one d is t ingu ish ing  feature between "cramped-shaft wh i r l "  ( ie.,  
in ternal  f r i c t i o n  damping) and o i l - f i l m  wh i r l .  The former may become 
resonant above the  c r i t i c a l  speed whereas the  l a t e r  does not become 
resonant a t  speeds below tw ice  c r i t i c a l  speed. I n  an e a r l i e r  presenta- 
t i o n  (45) Newkirk had dist inguished between c e r t a i n  phenomena t h a t  may 
occur as a r e s u l t  o f  journal  bearing instab i  I i t y .  
( I  1' A "ha1 f frequency whi r l  I' may occur a t  any running speed 
the  whi r l  frequency being s l i g h t l y  less than h a l f  t he  
running speed 
A "resonant wh i r l "  which occurs when t h e  running speed 
i s  equal t o  o r  greater than twice the  natural frequency o f  
t he  rotor f o r  transverse v i b r a t i o n  a t  t h a t  speed. 
(2) 
1 1  
t he  o i l  f i l m  
( 4 )  A subharmonic v i b r a t i o n  o f  an unbalanced rotor, the  
frequency being a d e f i n i t e  f r a c t i o n  of  t h e  running 
speed. 
I 
Morrison and Paterson (45) presented an approach t o  describe the  s t a b i l  i t y  
threshold of symmetrical two-bearing f l e x i b l e  r o t o r s  by one equation and 
thereby reducing t h e  c r i t e r i o n  of  o ther  inves t iga tors  such as Hori (471, 
I-bImes (48)  and Pinkus and S te rn l i ch t  (49) t o  t h e  general form 
w 2  n 2  n P - Q 
9 
w 
C I . 1 1  
where 
w = v e l o c i t y  of r o t o r  
w = natura l  frequency of simply supported r o t o r  




C = rad ia l  clearance o f  bearing 
6 = s t a t i c  rlef l e c t i o n  of r o t o r  center1 ine under g r a v i t y  
loading 
Ruhl (50) has recent ly  presented an analys is  o f  the  s t a b i l i t y  o f  t h e  
shor t  journal  bearing having sha f t  f l e x i b i l  i t y  and p l o t s  w/w versus 
e c c e n t r i c i t y  f o r  var ious values, of sha f t  s t a t i c  de f lec t ions  (6/c>. The 
in t roduc t ion  of the  f l e x i b l e  sha f t  reduced t h e  s t a b i l i t y  boundary below 
9 
the  value for. r i g i d  r o t o r  analysis.  (See Fig. 6.6). 
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A recent work by Choudhury (43) has examined the  e f f e c t  o f  l i nea r  
support f l e x i b i l i t y  and damping on the  p l  
s t a b i l i t y  maps were presented for var iou 
f l e x i b i l i t y .  The analys is  then invest igated t h e  s t a b i l i t y  o f  a mu l t i -  
mass r o t o r  system by producing t h e  cha rac te r i s t i c  polynomial o f  t he  
system by numerical methods. The s tab i  I i t y  study o f  a p a r t i c u l a r  r o t o r  
system was presented which invest igated t h e  e f f e c t  o f  support f l e x i b i l i t y  
on t h e  system and r e s u l t s  v e r i f i e d  t h a t  an optimum damping e x i s t s  f o r  a 
given support s t i f f n e s s  t o  improve the  s t a b i l i t y  of t h e  r o t o r  system. 
Two t e x t  books on t h e  subject  o f  r o t o r  dynamics have been published 
which g ive  de ta i led  der iva t ions  o f  t he  equations o f  motion o f  the  
fundamental r o t o r  models. Dimentberg, i n  1961 published a t e x t  (51)  
which t r e a t s  f l exu ra l  v ib ra t i ons  i n  r o t a t i n g  r o t o r s  and considers var ious 
aspects of  c r i t i c a l  speeds, balancing, s t a b i l i t y  o f  r o t o r s  operat i  g 
near c r i t i c a l  speeds, and the  inf luence o f  sha f t  in te rna l  f r i c t i o n  and 
shaf t  asymmetry on s t a b i l i t y .  Experimental r e s u l t s  are reported n the  
t e x t  which add t o  i t s  importance i n  the  r o t o r  dynamics l i t e r a t u r e .  The 
t e x t  o f  Tondl (52) invest igates i n s t a b i l i t y  i n  r o t o r  systems due t o  
in ternal  f r i c t i o n  damping, unequal s t i f fness ,  and o i l  f i l m  journal  
bearings. This extensive treatment i s  a lso  supplemented by repor ts  o f  
experimental invest igat ions ca r r i ed  o u t  by t h e  author. Tondl has one- 
fou r th  of  t h e  t o t a l  volume deal ing w i th  t h e  e f f e c t  o f  journal  bearings 
on s t a b i l t t y .  Experimental r e s u l t s  for p l a i n  c y l i n d r i c a l ,  e l l i p t i c a l ,  
lobed,grooved, and f l e x i b l e  element bearing a re  presented and discussed. 
po in ts  o u t  o major f a c t  t h a t  should be emphasized. For 
machlnes of h i g  ower ra t ing,  measurements made d i r e c t l y  on the  r o t o r  
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are  the  on ly  re1 iab le  guide for  t h e  co r rec t  assessment of the  danger 
o f  v ibrat ions.  Pedestal mounted pickups a r e  not  r e l i a b l e  for  determining 
the  level o f  v ib ra t i on  on t h e  r o t o r  shaf t .  
Another mechanism crea t ing  i n s t a b i l i t i e s  i n  turbomachinery has bee 
reported by A l fo rd  (53). Aerodynamic forces a r i s i n g  from labyr in th  sea 
and blade-t ip clearance i n  a x i a l  compressorsand turb ines can cause a 
resu l tan t  d r i v i n g  fo rce  component and should no t  be neglected i n  
s imulat ion s tud ies o f  rea l  machinery. The analys is  o f  Choudhury 
Kerr (54) reported experimen 
a i r  lubr icated journal  bearing i n  
passed through t o  a s tab le  operat  
presented a thorough treatment o f  
discussed e a r l i e r  i n  t h i s  sect ion had examined t h i s  form of  i n s t a b i l i t y  
i n  t h e  example rotor system presented i n  t h a t  work. 
a l  observat ion o f  a f l e x i b l e ,  damped, 
which a reg ion of  wh i r l  could be 
on zone. Gunter (39) had e a r l i e r  
S 
the  e f f e c t  of in ternal  f r i c t i o n  on t h e  
f l e x i b l e  support r o t o r  system. Support symmetry and absence o f  support 
damping was shown t o  lower t h e  s t a b i l i t y  threshold of the  r o t o r  system. 
An added observat ion pointed o u t  the  f a c t  t h a t  t h e  s t a b i l i t y  threshold 
predicted from l inear ized  theory using for  example the  method o f  Routh, 
d i d  no t  necessar i ly  represent t h e  l i m i t  o f  safe operat ion.  The growth 
r a t e  o f  a given i n s t a b i l i t y  may be very low and oGeration may be possib le  
above theore t ica l  s t a b i l i t y  boundaries. This  f a c t  po in ts  o u t  t he  
necessity f o r  t he  t rans ien t  so lu t ion  technique which can examine the  
nonl inear growth r a t e  o f  an i n s t a b i l i t y  predicted by a l inear ized 
1 
s t a b i l  i t y  analysis.  
Analog computer s imulat ion of  t rans ien t  wh i r l  for  a symmetrical 
r i g i d  rotor i n  cav i ta ted  shor t  journal  bearings was reported by Jennings 
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and Ocvirk (55) as ea r l y  as 1962. Steady-state o r b i t s  for  balanced r o t o r s  
were presented which had wh i r l  ra tes  o f  approximately one-half bu t  no 
o r b i t s  which enc i rc led t h e  o r i g i n  were produced i n  t h a t  analys is  r e s u l t i n g  
f r o m  l i m i t a t i o n s  of the  analog system. 
computer produced o r b i  i s  f o r  -both I i near bear i ng character i s t  i c s  and 
nonlinear f l u i d - f i l m  bearings. 
synchronous unbalance response and half-frequency whi r l  i n s t a b i l i t y  were 
presented. The nonlinear case formed f i n i t e  l i m i t  cycles whereas t h e  
l i nea r  systems were unbounded. 
Gunter (391 a lso  presented analog 
Orb i t s  showing combined e f f e c t s  o f  
Reddl and Trumpler (56) i n  1962 examined the  s t a b i l i t y  of the  360' 
f u l l  journal  and t h e  180' p a r t i a l - f i l m  bearing. End leakage fac to rs  
were appl ied t o  t h e  f i l m  fo rce  expressions and the  r e s u l t i n g  equations 
of  motion l inear ized and examined f o r  s t a b i l i t y  about the  equ i l ib r ium 
pos i t i on  by the  Routh c r i t e r i a .  
programmed on a d i g i t a l  computer and the  r e s u l t i n g  o r b i t s  presented f o r  
t he  360' journal .  'Reddi a l so  demnstrated t h a t  i f  c a v i t a t i o n  i s  not 
included the  bearing w i l l  be unstable a t  a l l  speeds. 
The complete equations o f  motion were 
C a s t e l l i  and McCabe (57) presented t rans ien t  s imulat ion o f  a r i g i d  
rotor supported i n  t i l t i n g  pad gas bearings. Results o f  two case studies 
are  given w i th  experimental v e r i f i c a t i o n  and exce l len t  agreement. 
Eirod, McCabe, and Chu (73)  reported an approach t o  determine 
s t a b i l i t y  boundaries of gas-bearing systems by a combination o f  the  
t rans ien t  o r b i t  and l inear ized  equation methods. The system l inear ized  
cha rac te r i s t i cs  a re  ca lcu lated using gas- lubr icat ion theory and these 
l i nea r  cha rac te r i s t i cs  are then'used i n  t rans ien t  s imulat ion t o  deter- 
mine s t a b i l i t y  i n  the  small. D i g i t a l  computer t rans ien t  s imulat ion was 
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also reported by Badgley and Booker (58) who presented s t a b i l i t y  
boundaries f o r  t h e  r i g i d ,  balanced r o t o r  system having cav i ta ted  journal  
bearings and several t rans ien t  whi r l  o r b i t s  i l l u s t r a t i n g  the  balanced 
system response. 
theory developed i n  a f i xed  coordinate system t o  study t h e  e f f e c t  o f  
unbalance and external  loading on the  s t a b i l  i t y  o f  t he  hor izonta l  r o t o r  
system. 
f o r  selected cases i n  add i t i on  t o  absolute wh i r l  ra tes.  The maximum force 
t ransmi t ted was indicated f o r  a l l  wh i r l  o r b i t s  i n  the  presentation. The 
s t a b i l i z i n g  e f f e c t  of c e r t a i n  leve ls  of unbalance on the  otherwise un- 
s tab le ver-Pical journal  was a l so  invest igated by the  t ime- t rans ient  
d i g i t a l  computer s imulat ion program. 
K i r k  and Gunter (18) used the  cav i ta ted  shor t  bearing 
The values o f  t he  instantaneous forces t ransmit ted were given 
Akers, Michaelson, and Cameron (60) reported an analys is  o f  f i n i t e  
length journal  bearings inc lud ing f r i c t i o n  e f f e c t s  and o u t  o f  balance 
loading. S t a b i l i t y  boundaries were compared t o  t h e  work o f  Badgley and 
Booker (58) and was found t o  be i n  f a i r  agreement. Shapiro and Colsher 
(61) presented an analys is  o f  a r e s i l i a n t l y  mounted hybr id  journal  
bearing and an e las t i c ,  gimbal mounted Rayleigh-step t h r u s t  bearing. 
Both t ime- t rans ient  and step-jump dynamic analys is  was used f o r  the  
r e s u l t s  on the  s t a b i l i t y  and response of t h e  systems studied. 
step-jump approach i s  used t o  ca l cu la te  bearing system charac te r i s t i cs  
a t  a given pos i t ion.  
cha rac te r i s t i cs  t o  d imin ish the  t ime t h a t  would be requ’ired for a com- 
p l e t e  nonl inear t rans ien t  so lu t ion  and i s  s i m i l a r  t o  the  work of  Elrod 
The 
Then these l i nea r  equations are placed i n  
reported ear l  i e r  (73); 
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The development o f  pseudo-transient techniques (73) f o r  t he  predic- 
t i o n  of journal  bearing performance i n  in ternal  combustion engines has 
allowed accurate determination o f  minimum f i l m  thickness, bearing loads, 
and overa l l  system performance. The s t a b i l i t y  and t rans ien t  motion o f  
a v e r t i c a l  f i n i t e  three-lobed bearing w i th  c a v i t a t i o n  was invest igated 
by Falkenhagen, Gunter, and Schul ler  (62) and compared t o  experimental 
work and the  ana ly t i c  work o f  Lund on t h e  three-lobe bearing. Transient 
o r b i t s  for both balanced and unbalanced systems were presented using an 
approx mate f i n i t e  bearing so lu t i on  which represented a t ime saving 
factor  o f  100 over t h e  complete numerical f i n i t e -d i f f e rence  approach t o  
the  so u t i o n  of  t h e  governing Reynolds' equation. 
The t ime-transient approach i s  not l im i ted  t o  the  study o f  lubr ica-  
t i o n  problems and t h e  power of  t h e  approach has been rea l i zed  i n  many 
sciences. 
implemented (63,641 as well  as t h e  t rans ien t  so lu t ion  o f  the  dynamic 
behavior of a closed-cycle gas tu rb ine  system (65). The numerical 
so lu t i on  t o  any t ime dopendent system o f  equations has become a usable 
tool for t h e  engineer-scient ist  due t o  the  speed o f  the  present generation 
o f  d i g i t a l  computers. 
The t rans ien t  analys is  o f  m u l t i - l i n k  mechanisms has been 
Shen (66) has presented a formulat ion for  the  f l e x i b l e  r o t o r  using 
inf luence coe f f i c i en ts  and t h e  assumptions of small displacements and 
a t o r s i o n a l l y  r i g i d  system. Provis ion was made i n  the  de r i va t i on  for  
ana ly t i ca l  representat ion of nonl inear bearings. The de r i va t i on  a l so  
assumed t h a t  t h e  bearing mass was neg l i g ib le  a t  t h e  two major bearing 
s ta t ions  and a chord approximation was used t o  def ine the  gyroscopic 
torques and thus reduce the  number o f  parameters i n  the  so lut ion.  
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However, a t  t h e  same t ime add i t iona l  f i c t i t i o u s  s ta t ions  must be spec i f ied  
f o r  t he  desired accuracy of angular def lect ions.  
by Shen a l so  involves a t ransformat ion t o  r o t a t i n g  coordinates which i s  
not required o r  thought to  be advantageous i n  t h e  fo l low ing  analysis.  
The procedure ou t l i ned  
Chi Ids (67) has a l so  presented a formal der iva t ion  o f  t h e  dynamics 
of  f l e x i b l e  r o t a t i n g  system i n  terms o f  a spinning reference coordinate 
system using vector mechanics. These equations are  then reduced t o  t h e  
f i xed  Cartesian coordinates by a transformation. 
i n t o  account bearing cons t ra in ts  which may be nonlinear, bu t  no prov is ion  
has been made f o r  bearing support f l e x i b l i t y .  
requ res  t h a t  t h e  system eigenvalues and eigenvectors f i r s t  be obtained 
t o  a low a modal coordinate t ransformat ion and omission o f  modes higher 
than running speed i f  desired. 
This formulat ion takes 
The approach by Chi lds 
These formulat ions for the  t rans ien t  so lu t i on  o f  f l e x i b l e  r o t o r -  
bearing systems are  exce l len t  approaches t o  a very d i f f i c u l t  problem. 
The fo l lowing analys is  presents a de r i va t i on  of  the  equations o f  motion 
by ye t  another approach which r e a d i l y  a l lows t h e  inc lus ion o f  nonlinear 
ttme dependent bearing, seal o r  external  sha f t  forces. F lu id - f  i I m  
bearings w i th  t h e  op t ion  of f l ex ib le ,  damped bearing support s t ructures 
i s  included i n  t h e  s imulat ion model. Linearized gyroscopics are included 
i n  t h e  de r i va t i on  and t h e  e f fec ts  o f  accelerat ion on t h e  t rans ien t  
response i s  included i n  the  analys is  and i s  an op t ion  i n  the  computer 
code developed from t h e  theory. The fo l low ing  analys is  invest igates 
steady-state and t rans len t  response of both r i g i d  and f l e x i b l e  ro to rs  
and s t a b i l i t y  programs f o r  special r o t o r  systems are  a lso  presented and 
used i n  connection w i th  t h e  t rans ien t  analysis.  
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I . 3  Statement of the Problem 
The purpose of this analysis Is to present the formulation of the 
time transient solution of a flexible rotor on nonlinear fluid-film 
bearings that may be used for design studles of real rotor-bearing 
systems including the determination o f  bearing support characteristics 
for optlmum system performance. 
CHAF'TER I I 
FLEXIBLE ROTOR DYNAMICS 
2.1 Descr ip t ion o f  t h e  Simulation Model 
The large c lass  o f  r o t a t i n g  machinery operat ing near o r  above t h e i r  
f i r s t  bending c r i t i c a l  must be analyzed under t h e  general f i e l d  o f  study 
known as f l e x i b l e  r o t o r  dynamics. A t yp i ca l  r o t o r  i n  general has m u l t i p l e  
bearings and t h e  r o t o r  sha f t  may have d isks o r  impel lers located inboard 
and outboard t o  t h e  main bearings. 
The cross-section of the  complex Brayton-cycle turbine-compressor 
as shown i n  Fig. 2.1 i s  t y p i c a l  of the  h igh speed u n i t s  which can be 
studied f o r  dynamic behavior by ana ly t i ca l  s imulat ion.  This p a r t i c u l a r  
u n i t  has a s i x  stage ax ia l  compressor supported between the  main bearings 
w i th  the  single-stage d r i v e  tu rb ine  located on t h e  r i g h t  overhang. A 
t h r u s t  pad i s  located on t h e  f r o n t  o f  t he  compressor as noted i n  t h e  
diagram. 
The continuous rotor sha f t  may be regarded as a ser ies o f  concentrat- 
ed mass s ta t i ons  connected by massless e l a s t i c  shafts.  For p rac t ica l  
purposes t h e  gyroscopic e f f e c t s  should be included i n  t h e  analys is  of 
overhung r o t o r  s ta t i ons  but  may be neglected i n  most cases f o r  r o t o r  
s ta t i ons  inboard o f  t h e  main bearings. Although t h e  no ta t ion  f l e x i b l e  
r o t o r  i s  appropriate, the  de f lec t ions  considered are  small i n  comparison 
t o  the  dimensions of the  r o t o r  and s i m p l i f i e d  equations f o r  t he  r o t o r  
sha f t  mechanics may be incorporated i n t o  the  analysis.  
Fig. 2.2 represents an ideal ized r o t o r  system reduced t o  the  model 
used for the  ana ly t i ca l  descr ip t ion.  This analys is  w i l l  consider the  
20 
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r o t o r  t o  be supported on t w o  main bearings which may i n  t u r n  be e l a s t i c a l l y  
mounted. Any number o f  add i t iona l  bearings o r  seals may be incorporated i n  
a given analys is  and i s  included as an op t i on  i n  the  computer code (see 
Appendix B). 
The r o t o r  s t a t i o n  de f l ec t i ons  w i l l  be denoted by t h e  de f lec t ions  
r e l a t i v e  to  t h e  main bearing cen te r l i ne  (uI,vi) and a lso  by the  correspon- 
d ing absolute de f lec t ions  (xi,yi). 
y-coordinate de f l ec t i on  i n  the  y-z plane. The r e l a t i v e  and absolute 
These are  shown i n  Fig. 2.2 f o r  t he  
angular displacements f o r  t he  ith r o t o r  s t a t i o n  are a lso  shown i n  Fig.  2.2. 
Y ’  
Angular displacements of each d i s k  w i l l  be denoted by the  angles 8 
which i s  a r o t a t i o n  i n  the  y-z plane about t h e  negative x-axis and O x  
which i s  a r o t a t i o n  i n  t h e  x-z plane about the  p o s i t i v e  x-axis. 
A cross-section of  t h e  ith mass s t a t i o n  i s  given i n  Fig. 2.3 which 
ind icates a poss ib le  wh i r l  con f igura t ion  f o r  t he  eccentr ic  d i sk  a t  
some ins tan t  of time. The absolute and r e l a t i v e  de f l ec t i on  nomenclature 
f o r  t he  s t a t i o n  geometric center,o i s  i l l u s t r a t e d  and the  displacements 
o f  t h e  bearing support and journal  a re  denoted as (Fs , Ys 1 and 
(Xi,Yi) respect ive ly .  
cen te r l i ne  and support cen te r l i ne  a t  t h i s  ins tan t  i n  time, a re  re fe r red  
from the  f i r s t  bearing loca t ion  as fo l lows:  
- 9’ 
i i - -  
These def lect ions,  which represent the  r i g i d  r o t o r  
x .  - x - J 2  J1  
x i = x  + (  x [ai - a] 
J1  b - a  
c2* I 7  
x - x  




FIG. 2 3 CROSS SECTION OF i.th MASS STATLOPI 
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S i m i l a r  expressions hold for t h e  y-coordinate de f l ec t i ons  re fe r red  to the  
ith sta t ion .  
2.2 Equations o f  Motion 
The equations of motion of multi-mass f l e x i b l e  r o t o r  a re  derived i n  
the  fo l low ing  sections. The equations are developed i n  f i x e d  Cartesian 
coordinates and include the  e f f e c t s  of gyroscopics and accelerat ion.  
The r e l a t i v e  de f lec t ions  of t h e  mass s ta t i ons  are  assumed t o  be small so 
t h a t  l inear ized  gyrosccplc mments can be used i n  the  equations. The 
f l e x i b i l i t y  inf luence c o e f f i c i e n t s  f o r  t h e  r o t o r  sha f t  a re  assumed t o  
remain constant f o r  t h e  order o f  approximation being considered. 
2.2.1 Gyroscopic Moments 
Consider an iso la ted  mass s t a t i o n  w i th  symmetry about the z-axis as 
shown i n  Fig.  2.4 w i th  t h e  po la r  and transverse moments o f  i n e r t i a  given 
by I and I respect ive ly .  The standard Euler ian angles are shown i n  
Fig. 2.4 and are  denoted as 0 t h e  nu ta t ion  angle o f  t h e  sha f t  ax i s  
referenced from t h e  f i xed  Z-axis, Cp t he  precession angle as projected i n  
the  X-Y plane and referenced from t h e  X-axis, and JI t h e  local body 
r o t a t i o n  about t h e  z-axis. 
(0  ,€I 1 which are  the  pro jec t ions  o f  t he  nu ta t ion  angle 0 i n  t he  f i xed  
X-Z and Y-Z planes respect ive ly .  
P T 
Also shown on t h e  f i g u r e  are  the  angles 
X Y  
For a r i g i d  body the  angular v e l o c i t y  may be expressed i n  terms of 
the  Euler ian angles and re fe r red  t o  t h e  body-fixed coordinates (x,y,z). 
The expression f o r  t h i s  r e l a t i o n  i s  r e a d i l y  ava i l ab le  i n  most dynamics 
t e x t s  but  a r igorous de r i va t i on  Is usual ly  not included. A der iva t ion  






FIG. 2.4  TYPICAL GYROSCOPIC STATION SHOWING EULERIAN ANGLES 
AND THE IL'YGULAR DEFLECTIONS 0, AND ey 
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+ 
presented i n  Appendix A.3. 
t he  (x,y,z) coordinates, then the  angular v e l o c i t y  may be expressed as 
fol lows: 
I f  the  u n i t  vectors %x, < and 0, I i e  along 
Y' 
The equations f o r  t he  i n e r t i a  torques are most e a s i l y  derived by 







= T - V  
= k i  n e t i c  energy 
= po ten t ia l  energy 
= genera I i zed forces 
= general ized coordinates 
The k i n e t i c  energy Is expressed as t h e  sum of  the  t rans la t i ona l  
That i s  k i n e t i c  energy and t h a t  due to  a r i g i d  body r o t a t i o n  o f  8. 
TZ = 8 I i j  ~1 W j  6 i j  , (no cross products o f  i n e r t  i a  1 
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Concentrating on the  con t r i bu t i on  due to  r u t a t i o n s  it i s  desired t o  ob ta in  




o r  subs t i t u t i ng  Eq. 2.3 for  Q 
This expression i s  i n  terms o f  t h e  Euler ian angles and must be 
transformed t o  t h e  Ox, 9 
Y 
f o r  small 9 (from Eq. 2.3). 
coordinates. The fo l low ing  r e l a t i o n s  are v a l i d  
[2. sa] 
For' i n f i n i t es ima l  ro ta t i ons  t h e  angles may be t reated as vectors and 
the  fo l low ing  expressions may be wr i t ten .  
ex = e COS Q 
6 = 6 cos Q e i  s i n  Q 




= 8 sub Q + 94 cos Q 
Y 
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For small 8 the  k i n e t i c  energy T2 reduces t o  
As shown by Yamamoto ( I  I), . 
Hence, 
o r  
For a to rs iona l  s t i f f n e s s  K 
C2 7 1  
Appl icat ion o f  Eq. 2.3 t o  2.9 g ives t h e  desired equations for the  
generallzed moments Mx, M where the  ro ta t i ons  (-8 ,e 1 correspond t o  
(Mx,M 1. 
Y Y X  
Y 
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- ( ( - - ; - ) - - + - = - M  d 'JT aT aV 
ae X 
Y 
d t  ae ae 
Y Y 
I T Y  - 9 I ~ G ~  - + I P X  he - ( 31 P X  u6 + Ke Y = -M X 
Likewise 
Y I ~ Z ; ~  + + I + + I p i e y  + 81 WE, + K B ~  = M P Y  P Y  
and 
o r  
~ ; ' + + ~ ( i e  -
P P X Y  
The present analys 
c2. I07 
[ 2 .  I I ]  
c2. I27 
s i s  not  concerned w i th  t h e  d r i v e  torque MZ. The 
i n e r t i a  loads due t o  t h e  gyroscopics and to rs iona l  s t i f f n e s s  are  given by 
.. 
= I e - 9 Iphx - I &I + Ke ( i n e r t i a )  = -M 
MX x T Y  P X  Y 
.. - - + I &  - I &  - ~ e  ( i n e r t i a )  = -M = 
Y y -ITex P Y  P Y  Y 
M 
[ 2 .  I37 
c2.141 
2.2 2 Equatlons o f  Motion - Rotor Stat ions 
The equations o f  motion of the  f l e x i b l e  r o t o r  may be obtained by 
app i c a t l o n  of the  f l e x i b i l i t y  inf luence coe f f i c i en ts .  A discussion o f  
the  method o f  ob ta in ing  these c o e f f i c i e n t s  f o r  a stepped round r o t o r  
30 
sha f t  i s  presented i n  Appendix A . I .  The in f luence c o e f f i c i e n t s  a re  
defined as 
= the  r e  
a u n i t  
@ i j  = t he  r e  
i j  a a t i v e  de f l ec t i on  a t  t he  ith s t a t i o n  due t o  
un id i rec t iona l  load appl ied a t  t he  jth sta t ion .  
a t i v e  de f l ec t i on  a t  t h e  ith s t a t i o n  due to  a 
u n i t  torque a t  t h e  jth sta t ion .  
t h e  r e l a t i v e  angular r o t a t i o n  a t  t he  ith s t a t i o n  due 
t o  a u n i t  un id i rec t lona l  load a t  the  jth sta t ion .  




Y i j  
t o  a u n i t  torque a t  t h e  jth sta t ion .  
The r e l a t i v e  de f l ec t i on  o f  t h e  ith major mass s t a t i o n  can be expressed 
i n  terms o f  t he  f l e x i b i l i t y  inf luence c o e f f i c i e n t s  as follows: 
e =  P + yi j  c xi 'ij xj 
Y j  
p - Y i j  cx 
'ij yj j 
e =  





where t h e  resu l tan t  loads ?. and couples 8 .  are  composed o f  both i n e r t i a  
J J 
b loadi,ng and e f f e c t i v e  externaj  loads created by unbalance, in te rna l  
damping, cross-coupled aerodynamic loading, and any react ions from 
f l u i d - f i l m  bearings or seals a t  t h e  p a r t i c u l a r  s ta t ion .  
The s ign  convention for t h e  loads and couples i s  shown i n  Fig. 2.5 
which g ives a t o p  view o f  t h e  ith mass s ta t ion .  
absolute and r e l a t i v e  t rans la t i ona l  and angular de f l ec t i on  notat ions.  
Also shown are the  
The i n e r t i a  loading ac t i ng  a t  t h e  ith mass s t a t  ion i s  readi  I y derived 
3 
by d i f f e r e n t i a t i n g  t h e  pos i t i on  vector, Ri (see Fig. 2.3). 
-+ f 3 
I + y . j  I + e i cos(wt++i)l + ei sin(wl-+@i)j 
t .. .. 
Ri = (x,yIi+ (-e w2 cos(wt+b > -e  A sin(wt++), 
-ea2 s in (w t t+ )  + e; c o s ( ~ t + + ) ) ~  
The i n e r t  






ng inc lud ing unbalance i s  then given by D'Alernbert 
.. .. 
i+(inertia) = -m. x (accelerat ion)  = (-mx,- myIi + i I i 
+ (mew2 cos(wt++) + me& sin(wt++), 
mew2 sin(wt++) - me; cos (w t t+ ) l i  c2.221 
The expressions for t h e  gyroscopic i n e r t i a  torque and angular 
s t i f f n e s s  were prev ious ly  derived CEqs. 2.13-2.14) and i n  terms o f  
t h e  absolute angular r o t a t i o n s  (Ox ,Q 1 these may be w r i t t e n  as 
j Y j  



















Combining t h i s  expression w i th  t h e  representat ion o f  in te rna l  damping (681, 
cross-coupling (53,691, and a l low ing  f o r  o ther  nonl inear forces t h a t  




t he  components of P. may be expressed as fo l lows:  
J 
.. 
P = (-mx - ci< - kx + mew2 
.i X 
+ me& sin(wt+4) - C I 6  - 
.. 
P = (-my - c i  - ky + mewz 
yj 
cos(wt+fjJ) + 
s i n  (ut++ 1 
C2.251 
h 
- me& cos(wt+4) - CI C + wCIu + Qx - W + F (x,y,i<,q)) c2.261 
Y j 
Rewr l t t ing  Eqs. (2.15-2.18) and using t h e  no ta t ion  
.. 
j 
+ Fx P = -m.x J j  J X 
.. 
P = -m.y + F 
J j Y j  
.. 
+ HXJ = I  0 cX J T j  ~j 
.. 
c = -IT?x + f f  








u = a (-mx + F 1 .  + 6 (-IT@ + ff 1 C2.311 
i i j  X J i j x v j  
1. .. 
v = (r (-my + F 1 - B..(I 0 + ff 1 
i i j  v j  - J J  T y  x j  
.. .. 
b I T 0  + ff 1 
x Y J  e = 4 .  .(-mx + FX)J + y r j  X i I J  
.. .. 




The equations of motion o f  the  r o t o r  may be expressed i n  mat r ix  
f o r m  for convenience. On the  fo l low ing  page i s  the  mat r ix  formulat ion 
fo r  two major mass stat ions.  
The formulat ion f o r  la rger  systems i s  s i m p l i f i e d  by de f in ing  the  
f o l  lowing var iables.  
"12m2 
a22m2 
. . .  
. . .  
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c 
n I - u  
rl I-" 
I - H  
rl 
H 
rl rl 0 0 0 0 rl rl 
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n . .  
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Then t h e  equations may be expressed very simply as 
where 
c2.357 
This  formulat ion presents t h e  equations o f  motion which are  i n  
t h e  desired form for app l ica t ion  o f  standard in tegra t ion  procedures. 
38 
The method o f  so lu t i on  employed i n  t h e  computer code MODELJ w i l l  be 
discussed i n  Section 2.3. 
I f  the  system experiences an accelerat ion h, then one add i t iona l  
r e l a t i o n  must be given t o  f i x  t h e  instantaneous angular ve loc i t y .  
i s  
That 
Hence 
dw = Gdt 
o r  
+ 
+- &dt  
= wto to 
For a constant accelerat ion r a t e  then 
w = w + G ( t  - to) 
to 
c2.361 
The angular v e l o c i t y  can thus be ca lcu lated f o r  each t ime step o f  
t he  i n teg ra t i on  process. The external  torques necessary t o  supply 
t h i s  constant accelerat ion i s  given by Eq. 2.12. 
2.2.3 Equations of Major Bearing Support Stat ions 
The previous equations are a l l  t h a t  a re  necessary when consider ing 
a f l e x i b l e  rotor on t w o  r i g i d  bearing supports. 
supports a re  allowed t o  have f l e x i b i l i t y ,  then add i t iona l  informat ion 
must be obtained to  solve t h e  system. 
external  and i n e r t i a  forces and torques ac t ing  on the  shaf t  abcut the  
I f  the  bearing o r  
Taking t h e  moments o f  a l l  
39 
f i r s t  bearing s t a t i o n  (see Fig. 2.6): 
c2.371 
Hence, t h e  t o t a l  r e s u l t a n t ~ f o r c e  componeni- ac t i ng  on t h e  shaf t  a t  the  
second major bearing i n  the  x -d i rec t ion  i s  given by: 
(b  - a )  x2 C2.381 
This resu l tan t  fo rce  i s  composed of t h e  bearing reac t ion  denoted as 
(B.F.) and the  i n e r t i a  load a t  t h e  second major  bearing. That i s  
.. 
F = -m x + (B.F.) 
x2 J2  J2 x2 
[ 2  391 
Therefore, so lv ing  f o r  t he  journal  accelerat ion gJ 
bearing s t a t i o n  y i e l d s  
at- t h e  second major 
2 
n n 
- -   I {(B.F.) + ( 1 cy + 1 pX (!ti - a ) ) }  C2.401 I . .. 
i i=I i xJ2 m,  x2 (b - a )  i=, “ 2  
The bearing react ions can a l so  include unbalance e x c i t a t i o n  ac t i ng  
a t  t h e  journal .  
bearing may be expressed as 
I n  a s i m i l a r  fashion t h e  accelerat ion f o r  t he  f i r s t  
12.41 I 
40 
FIG. 2.6 REPRESENTATION FOR BEARING FORCE AND MObE3T 
BALANCE 
41 
The accelerat lon o f  t h e  bearings i n  t h e  y-coordinate a re  l ikewise found 
t o  be given by t h e  fo l low ing  expressions. 
I - .. - -  
yJ2 mJ2 
and 
[ 2 .  421 
C2.431 
I f  the  bearings are supported by f l e x i b l y  mounted structures,  t h e  
equations o f  t h e  supports are r e a d i l y  deduced using t h e  representat ion 
given i n  Fig.  2.7. 
I 
A force balance on t h e  support g ives 
t2.441 
where 
(S.F.) = support fo rce  
a = absolute accelerat ion of t h e  support i n  any given coordinate 
S 
d i rec t ion .  
The bearing and support forces have been l e f t  i n  t he  general terms 
since t h e  bearing type assumed d ic ta tes  how t h e  reac t ion  forces are 
expressed. These forces may be e i t h e r  l i nea r  o r  nonl inear funct ions 
of displacement, velocity,and time. For a m r e  de ta i led  analys is  o f  
t he  bearing and support forces r e f e r  t o  Appendix B where the  types i n  
the  computer code MODELJ are discussed. More de ta i led  discussion o f  
f l u i d  f i l m  bearings i s  presented i n  Section 4.2 and discussion of  t h e  




FIG, 2.7 BEARING AND SUPPORT SYSTEM FORCE BALANCE 
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2.3 Method of Solut ion 
The equations derived i n  Section 2.2 can be solved f o r  the  t ime 
t rans ien t  so lu t ion  once the  inverse o f  t he  modified f l e x i b i l i t y  mat r ix  
i s  obtained. 
f o l  lows f o r  simpl ] c i t y :  . 
Expressing t h e  equations o f  motion given i n  Eq. 2.35 as 
where 
ti] = column vector of absolute accelerat ion o f  t h e  
major mass stat ions.  
[U] = co l  umn vector o f  r e l a t i v e  d isp 
represented i n  Eq. [2.35] 
[CXA] = 4n x 4n mat r ix  given i n  Eq. [2 
acement as 
351 
Then, p remul t ip ly ing  both s ides o f  Eq. 2.45 by the  inverse of  the  
4n x 4n mat r ix  CXA gives t h e  absolute t rans la t i ona l  and angular 
accelerat ion ra tes  which i s  expressed as fo l lows:  
[z] = [CXA]’l[U] 
C2.451 
[2 .46] 
With t h e  acceler t i o n  values known a t  t ime t, t h e  bearing accelera- 
t i o n s  can be obtained from Eqs. 2.25 and 2.26. As f o r  any t ime in teg ra t l o r  
o f  second order equat ons, t he  displacements and v e l o c i t i e s  a t  t ime to 
must be spec i f ied  f o r  a l l  t h e  coordinates being solved. The actual  method 
of so lu t i on  may be chosen f r o m  several ava i l ab le  formulations. 
type so lu t ions  given by unbalance response t h e  modified Euler method has 




o f  t h e  so 
order Run 
successful ly (57,59,62) and i s  espec ia l l y  des i rab le when it i s  
t o  ca l cu la te  nonl inear hydrodynamic bearing forces a t  each step 
ut ion.  A modif ied Euler method which i s  equivalent t o  a second 
,e-Kutta procedure can be u t i l i z e d  a t  no ex t ra  t ime loss i n  the  
in tegra t ion  o f  t h e  bearing forces. 
can be used but  becomes t ime consuming since four  c a l l s  o f  t he  bearing 
A 4th order  Runge-Kutta procedure 
forces are required for each step forward i n  t ime o f  t he  so lut ion.  The 
such as the  M i  Ine, numerous predic tor -corrector  i n teg ra t i on  schemes 
Adams-Bashforth, and Hammings (18) are even more 
a greater tendency t o  e x h i b i t  numerical l n s t a b i l  
t ime consuming and have 
t y .  The 4th order 
Runge-Kutta procedure i s  used i n  t h e  t ime t rans ien t  programs l i s t e d  i n  
Appendix E and G. 
The most important informat ion needed t o  produce r e a d i l y  recognized 
trends Is t h e  s t a r t i n g  condi t ions.  For the  l i nea r  model t h e  g r a v i t y  
loading can be removed from t h e  so lu t i on  and any external  loading can 
be invest igated from t h e  s t a t l c  equ i l i b r i um posi t ion.  For nonl inear 
so lu t ions  (bearing and support forces)  t h e  g r a v i t y  loading cannot be 
ignored and t h e  i n i t i a l  condi t ions given may produce t rans ien t  motion 
t h a t  t h e  system would never encounter i n  actual  pract ice.  The fo l low ing  
sect ion i s  presented t o  review work t h a t  has been completed on the  
steady s t a t e  response of f l e x i b l e  r o t o r s  and a computer code modified 
from (12) i s  presented i n  Appendix H t h a t  may be used t o  ob ta in  i n i t i a l  
condi t ions f o r  t h e  t rans ien t  sol u t l o n  program. 
2.4 Steady State Response 
The t rans ien t  so lu t i on  as proposed i n  Section 2.3 i s  indeed very 
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t ime consuming and hence very c o s t l y  t o  produce even w i th  t h e  tremendous 
speed o f  the present generation o f  d i g i t a l  computers. Poor o r  misjudged 
s t a r t i n g  condi t ions f o r  t h e  t ime t r a n s i e n t  so lu t i on  may produce misleading 
r e s u l t s  since the  system would have t o  encounter a t r a n s i t i o n  per iod t o  
a t t a i n  the  co r rec t  phase r e l a t i o n  f o r  t he  many var iables being integrated 
simultaneously. 
The equations o f  motion as presented i n  Section 2.3 can be solved 
f o r  t h e  steady-state f o r  t h e  case o f  assumed l i n e a r  bearing c h a r a c t e r i s t i c s #  
By assuming so lut ions o f  t he  form 
q i  = A i  cos(wt1 + Bi s i n h t )  c2.471 
The s o l u t i o n  requi res t h a t  a 
assumption o f  N point-mass r o t o r  s ta t i ons  then a 4N x 4N matr ix  must be 
solved. bwever, i f  the  s h a f t  proper t ies are i so t rop i c  then on ly  a 
2N x 2N system need be solved. 
increases t h e  system o f  equations t o  a 8N x 8N matr ix  representation 
and increases the  s o l u t i o n  t ime per casesby approximately a fac to r  o f  
64 f o r  a simple 2 s t a t i o n  ro to r .  The inc lus ion of gyroscopic moments 
a t  each r o t o r  s t a t i o n  i n  add i t i on  $0 support f l e x f b i l i t y  increases the  
system t o  a 12N x 12N representation and i s  216 times as d i f f i c u l t  as 
a two s t a t i o n  point-mass r o t o r  w i t h  i s o t r o p i c  constraints.  Recall t h a t  
t h e  t rans ien t  so lu t i on  requires only  a 4 ( N - 2 )  x 4 (N-2 ) ,ma t r i x  inverse 
be taken even when gyroscopics are included i n  the  solut ion.  For po int -  
mass assumption t h e  t rans ien t  so lu t i on  requi res on ly  t h a t  an (N - 2) x 
(N  - 2 )  matr ix  be inverted. The (N  - 2) expression represents t h e  t o t a l  
system o f  equations be solved. For the  
The in t roduc t i on  of support f l e x i b i l i t y  
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number o f  sha f t  s ta t i ons  I n  t h e  s imulat ion minus t h e  t w o  major bearing 
s tat ions.  
so lu t ion  has been reported by Lund (12) which uses a modif ied Myklestad- 
Prohl technique t o  ob ta in  t h e  steady s ta te  so lu t ion .  
A more e f f i c i e n t  procedure f o r  ob ta in ing  t h e  steady s ta te  
Without reproducing t h e  e n t i r e  analys is  of Lund t h e  basic equations 
f o r  t h i s  type analys is  w i l l  be sumarized i n  the  fo l low ing  discussion. 
With reference to Fig. 2.8 the  moments and de f l ec t i on  r e l a t i o n s  can be 
derived by apply ing simple beam theory for t h e  shaf t  sect ions and no t ing  
t h a t  
Mn+l = MA + LnVn 
By in teg ra t  ng t h e  equat 
the  above expression f o r  
c2.487 
d2x - M 
dz2 on from simple beam theory, -- m, and using 
the  moment 
Ln dz Ln zdz 
= e n + [ : !  n 1 M ; ' C I  T i T 7 V n  
*n+l z=0 0 
Ln dz Ln zdz 
0 0 
= x  + L e  + L n C I  E l - I  ig- 
'n+ I n n n  
c2.497 
C2.501 
For t h e  case o f  constant sha f t  proper t ies ( E 1  constant f o r  each d i f f e r e n t  
sha f t+  sect ion),  then 







M ' +  V - Ln 'n+l - 'n + TT n n c2.527 
I2 I 3  
L L 
X n+ I = n + Lnen + $5 M' n f & v n  C2.531 
The moment change across a mass s t a t i o n  includes t h e  gyroscopic 
ac t i on  and angular spr ing  ra tes  of t h e  bearing. 
a mass s t a t i o n  includes t h e  e f f e c t  o f  i n e r t i a  loading, bearing reactions, 
and unbalance loading. Deta i led equations for these cont r ibu t ions  are  
given by Lund (12). Harmonic motion i s  assumed and t h e  bending mment, 
shear, angular and l a t e r a l  de f l ec t i ons  may be expressed as 
The shear change across 
M = Mxc coswt + Mxs s inwt  C2.541 
X 
v -  X  Vxc coswt + V xs s inwt  C2.551 
e = e coswt + 8 s inwt c2.561 C s 
x = x coswt + x s inwt  c2.577 
C S 
4,  y are  used i n  s i m i l a r  
Y'  v Y J  
and for t h e  y -d i rec t ion  t h e  var iab les M 
equations. 
react ions include t h e  change o f  moment across a mass s t a t i o n  and sha f t  
length ( 8  equations), change of shear across a mass s t a t i o n  (4 equations), 
and the  angular and l a t e r a l  displacement along a sha f t  length (8 equations) 
f o r  a t o t a l  o f  20 equations t o  step across one mass and shaf t  section. 
For a beam w i th  f r e e  ends- t h e  bending moment and shear are zero a t  
The r e s u l t i n g  equations needed t o  describe the  r o t o r  
t he  extremeties, o r  they can be ca lcu lated f o r  an assumed de f lec t i on  and 
49 
given support charac ter is t i cs .  
and l a t e r a l  displacement components a t  t h e  l e f t  or  f i r s t  rotor s tat ion.  
Using the  superposit ion pr inc ip le ,  each unknown i s  given a u n i t  value 
w i th  a l l  t he  others se t  t o  zero and t h e  twenty equations as mentioned 
above are  used t o  ca l cu la te  the  bending moment and shear a t  the  r i g h t  
rotor end. An add i t iona l  ca l cu la t i on  i s  made apply ing t h e  given un- 
balance loading w i t h  t h e  other  unknowns s e t  t o  zero. 
the  superpos t i o n  of t he  appl ied u n i t  loads produce a s e t  of equations 
which may be solved for  t h e  unknowns a t  t he  f i r s t  r o t o r  s ta t ion .  This  
procedure i s  best described as fo l lows: 
The unknown quan t i t i es  a re  the  angular 
The r e s u l t  o f  
- - Let  eC1 = I ,  se t  e S l  = +cl = +sl - x c l  - xs l  = Ycl = Ysl 
= u  = u  = o  and u a re  unbalance loads) 
X Y (‘xn Yn 
Calcu late t h e  res iduals  a t  t h e  r i g h t  rotor end. Cal l  them 
M‘ * M’ * M’ xcy, I ’ xsy, I ’ ycr, I ; M;sr, I 
- v  * v  - v  xcr,l’ xsr, l ’  ycr,l ’  ysr,l V 
Let  8 = I and s e t  t he  other  var iab les t o  zero. Calcu late 
the  res iduals  and denote them as 
S l  
M’ t - M’ M’ x c r , ~ ;  Mxs r ,~ ’  y c r , ~ ;  ysr,i! 
- v  * v  V xc r ,~ ’  x s r , ~ ’  yc r ,~ ;  y s r , ~  V 
Repeat t h e  procedure fo r . t he  e igh t  displacements and then 
apply the  unbalance loading and c a l l  t he  res iduals  
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xsr  ,9 
ycr,9 
ysr,9 - 
This produces a se t  o f  Inf luence c o e f f i c i e n t s  which al lows the  
unknowns t o  be solved. .The so lu t ion  can be expressed as 

























ysr D I - 
. . .  1 Mxcr,2 
MLir,2 . 
ysr,2 . . . V 
The unknowns a t  the  f i r s t  s t a t i o n  can thus be determined and the  
response al l  along t h e  r o t o r  can then be ca lcu lated f o r  a given speed. 
Cund’s o r i g i n a l  analys is  included an i t e r a t i v e  approach t o  the  
so lu t ion  o f  t he  gyroscopic conTribut ion bu t  the  l inear ized  gyroscopic 
equations as presented i n  Section 2.2.1 have replaced t h i s  i t e r a t i v e  
approach i n  the  computer code given i n  Appendix H. 
mod i f i ca t ion  has assumed c f r c u l a r  synchronous precession which resTr i c t s  
the  bearing and support cha rac te r i s t i cs  t o  be symmetrical. 
One addi t ional  
This a l  lows 
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a tremendous savings i n  so lu t i on  t ime and r o t o r s  having unsymmetrical 
bearing and support cha rac te r i s t i cs  may be studied by t h i s  program i f  
the  gyroscopic coupl ing i s  small i n  comparison t o  the  o ther  sha f t  loads 
and reactions. 
p lo t ted  by a companion program LUNDJRP which i s  given i n  Appendix H 
also. A sample case i s  given i n  t h e  fo l low ing  r o t o r  system. 
The r e s u l t s  of t h i s  computer program, LUNDJR, may be 
Example 2. I 
Total  r o t o r  weight 
Center span approximate weight 
Journal weights (each) 
Diameter of sha f t  sect ions 
Length o f  each sha f t  sect ion 
Youngs modu I us 
Symmetric bearing s t i f f n e s s  
Bearing damp i ng 
(Rig id  bearing support pedestals assumed) 
Unba I ance a t  center s t a t  ion 
I301 Ib .  
676.0 Ib .  
312.5 Ib .  
6.0 in. 
34.5 in. 
30 x I O 6  I b / i n2  
448,000 I b / in  
501 ib-sec/ in 
5.4 oz.-in. 
This system may be v isua l i zed  by l e t t i n g  Kxx = K = 03 i n  Fig. 5.1 
YY 
and K1, = K l y  = 448,000 I b / i n  whi le  C l X  = C ly  = 501 I b - s e d i n .  
equivalent sha f t  s t i f f n e s s  i s  280,000 I b / i n  f o r  t h i s  example case study. 
The . 
Fig. 2.9 represents t h e  undamped c r i t i c a l  speed mode p l o t s  
corresponding t o  t h e  rotor o f  example 2.1. 
f i r s t  c r i t i c a l  speed at. 3300 RPM i s  symmetric w i th  t h e  largest  def lec-  
t i o n  a t  t he  rotor mldspan. This should be the  predominant mode 
exc i ted by unbalance placed a t  t he  r o t o r  mid-span o r  center. 











second c r i t i c a l  speed i s  a conical  r i g i c  body mode and w i l l  not  be 
exc i ted by a c e n t r a l l y  located unbalance. The largest  amplitude occurs 
a t  t h e  bearings and hence should be a h igh l y  damped mode for t y p i c a l  
bearing damping as given i n  Ex. 2.1. 
The t h i r d  c r i t i c a l  speed shows considerable shaf t  bending w i th  t h e  
largest  ampli tude occur ing a t  t h e  bearings. 
a t  t he  bearings a re  o u t  o f  phase t o  t h e  rotor ampli tude a t  t he  rnidspan 
section. 
damping i s  no t  excessive. 
s t a t i o n  i s  shown i n  Fig. 2.10 and the  corresponding phase angle w i t h  
respect t o  t h e  unbalance Is given i n  the  j o i n i n g  p l o t .  I n  t h e  speed 
range shown one c r i t i c a l  speed i s  evident a t  3300 RPM and the  phase 
s h i f t  through 90' t o  180' i s  shown i n  t h e  ad jo in ing  p l o t .  The bearing 
amplitude and phase i s  shown i n  Fig.  2.11 where t h e  phase angle i s  
observed t o  c l imb beyond 180' t o  more than 300'. The second c r i t i c a l  
i s  no t  exc i ted by the  given unbalance and t h e  t h i r d  c r i t i c a l  i s  com- 
Note t h a t  t h e  amplitude 
This  mode may be exc i ted a t  t h e  r o t o r  center  i f  the  bearing 
The steady s t a t e  response o f  the  center mass 
p l e t e l y  damped o u t  of  t h e  response curves. 
I t should be q u i t e  evident t h a t  t h i s  computer code a one could 
be used t o  opt imize a rotor bearing support system over a given speed 
range. 
response analys is  could be used t o  determine t h e  s e n s i t i v i t y  o f  the  
design to  shock loading and t o  determine the  s t a b i l i t y  o r  i n s t a b i l i t y  
o f  t he  system. 
Once a given conf igura t ion  was decided upon t h e  t . ans ien t  
The fou r th  c r i t l c a l  speed shown i n  Fig. 2.9 i s  a d i r e c t  consequence 
of inc lud ing the  gyroscoplcs of  t h e  lumped rotor mass s tat ions.  A po in t  
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mass model ca l cu la t i on  would on l y  have produced the  f i r s t  th ree  c r i t i c a l s  
shown i n  Fig. 2.9. The steady-state response given i n  Figs. 2.10 and 
2.11 d i d  no t  cover the  speed range o f  the  fou r th  c r i t i c a l  speed and 
unbalance a t  t he  center s t a t i o n  would not  have exc i ted the  mode even if 
the  range was extended t o  beyond 14,600 RPM. This mode could be 
exc i ted by an unbalance moment such as t h a t  caused by a skewed d isk.  
The inc lus ion  o f  gyroscopics i n  general w i l l  lower t h e  c r i t i c a l  speeds 
i f  t h e  transverse moment of i n e r t i a  i s  la rger  than the  po la r  moment o f  
i n e r t i a .  However, i n  most app l i ca t ions  t o  compressor and tu rb ine  d i s k  
locat ions t h e  po la r  moment o f  i n e r t i a  i s  la rger  and the  inc lus ion  o f  
gyroscopics w i l l  tend t o  s t i f f e n  t h a  sha f t  and hence r a i s e  the  c r i t i c a l  
speeds . 
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3. I Descr 
One c 
suggested 
CHAPTER I l l  
DYNAMICS OF A TWO STATION ROTOR HAVING 
ONE SECTION OVERHUNG 
p t i o n  of the  Simulation Mode 
ass of  i n d u s t r i a l  r o t o r s  may 
n Fig. 3.1. (a). Th is  c lass  
be represen ed by a model as 
of machines has a massive mid- 
span sect ion and an overhung sect ion supported i n  f l u i d  f i l m  o r  r o l l i n g  
element bearings. 
gyroscopics are neglected on t h e  midspan, then the  model i s  reduced t o  
t h e  system as shown i n  Fig. 3.1.(b). Th is  representat ion has a po in t  
mass a t  the  midspan s t a t i o n  and a massive d i s k  a t  t h e  overhung section. 
I f  t h e  e f f e c t  of the  bearings can be neglected and 
whi l e  
equat 
as fo 
3.2 Equations of Motion 
The system being analyzed must be represented by s i x  equations o f  
The midspan cha rac te r i s t i cs  a re  denoted by the  subscr ip t  I 
The 
motion. 
t h e  overhung s t a t i o n  w i l l  be denoted by t h e  subscr ip t  2. 
ons are given i n  Chapter I I  and may be w r i t t e n  ons for  t h e  d e f l e c t  
lows : 
X l  = U l  = alpxl + "12PX2 + f312Cy2 
y1  = V l  = a l p y l  i- a12Py2 - f312cx2 
x2 = u2 = a21Px1 *,"22PX + f322cy2 
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FIG. 3.1 (a) TYPICAL TWO MASS ROTOR WITH MASSIVE MIDSECTIOH 
ANI3 AN OVERHUNG STATION 
(b )  
S IMULAT 103 
ASSUMED SYSTEM FOR ANALYTIC FIRST APPROXIMATI03 
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Y 2  
where 
[3. I I ]  
.. 
c = -I e - WI 6 - QX2 L-3-12] 
Y 2  T x2 p Y 2  
This formulat ion requi res t h a t  t he  f l e x i b i l i t y  in f luence c o e f f i c i e n t s  
be known and t h e  r e s u l t i n g  equations are coupled i n  the  accelerat ion 
terms as were t h e  equations i n  Chapter 11. The method and computer code 
used t o  Invest igate the  s t a b i l i t y  o f  these equations w i l l  be explained 
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t h a t  t h e  system c h a r a c t e r i s t i c  equation be known. 
fol lowing form a re  assumed: 
If so lu t ions  of  the  
A t  
XI = Ale 
I A t  
A t  
Y y  = A2e 
x2 = A3e 
A t  
Y 2  = A4e 
the  equations ofpmotion may be r e a d i l y  w r i t t e n  as a s i x  by s i x  mat r ix  
formulation, Substitu-ting t h e  above expressions i n t o  Eqs. 3.1-3.6 and 
c o l l e c t i n g  terms produces t h e  mat r ix  formulat ion presented on t h e  
f o l  lowing page. 
A computer program, OCSTB, was w r i t t e n  t o  expand t h i s  mat r ix  which 
has elements quadrat ic j n  A t o  ob ta in  the  c h a r a c t e r i s t i c  equation, 
examine t h e  r e s u l t i n g  c h a r a c t e r i s t i c  equation f o r  s t a b i l i t y  by t h e  
Routh c r i t e r i o n ,  and t o  f Idd a l  I t h e  roo ts  of  t h e  r e s u l t i n g  t w e l t h  order 
polynomial ( 6 3 ) .  
I 
The rea l  p i r t  o f  t h e  roo ts  ind ica te  the  s t a b i l i t y  of  
t h e  system ( p o s i t i v e  f o r  ins tab i  I i t y )  and t h e  imaginary p a r t  g ives t h e  
natural  frequencies o f  t h e  system. 
input  required f o r  OCSTB are  presen4-ed i n  Appendix C. 
A I i s t i n g  and explanat ion o f  t he  
The s t a b i l i f y  analys is  produces t h e  natura l  frequencies o f  t he  
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W 1  = 1.86 Ib. 
W2 = 1.86 Ib. 
I,, = 0.00542 Ib.-in.-sec.2 
IT = 0.00274 Ib.-in.-sec.2 
overhung span = 3 in. 
bearing span = 12.75 in. 
sha f t  diameter = 0.375 in. 
E = 30 x IO6 lb./in.2 
The in f luence c o e f f i c i e n t s  were ca lcu lated 
described i n  Append 
"11 = 1.483 x 
.a21 =-I .047 x 
x A. The r e s u l t s  are 
0'3 u12 = -1.047 x 




421 = 3.489 x IOm4 422 - -5.923 x I O m 4  
from the  procedure 
I ows : 
812 = 3.489 x 
822 =-5.923 x IOM4 
y22 = 2.49 x 10-4 
The natural  frequencies were ca lcu lated and a re  given i n  Fig. 3.2. 
The s o l i d  l i n e s  are the  forward c r i t i c a l  speeds and t h e  dashed l i n e s  
g ive  t h e  backward c r i t i c a l s  (3,431. 
i s  broken and t h e  gyroscoplc c r f t i c a l  i s  very h igh  indeed. The 
gyroscopics increase t h e  two lower forward c r l t i c a l s  as t h e  speed in -  
Note t h a t  t h e  scale on the  ord ina te  
creases. The synchronous forward c r f t l c a l  speeds are approximately 
2750 RPEJl and 6250 RPM as taken from Fig.  3.2 The c r i t i c a l  speeds and 
mode shapes of synchronous forward precession were a l  so obtained by a 
program (70) using t h e  Myklestad-Prohl technique. These r e s u l t s  are 
given i n  Fig. 3.3-4 where it Is noted t h a t  t h e  bearing cha rac te r i s t i cs  
63 
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were chosen t o  approximate r i g i d  sup 
given as 2745 RPM and 6284 RPM by t h i s  computer 
cluded t h a t  t he  two programs 
could be made smoother by simply tak ing  more po in ts  along t h e  r o t o r  
shaft .  The rotor o f  Example 3.1 was modified s l i g h t l y  and w i l l  be the  
basis f o r  t h e  analys is  of  the  remainder o f  t h i s  chapter. 
Example 3.2 
This r o t o r  i s  t he  same as the  r o t o r  o f  Example 3.1 w i th  t h e  
fo l low ing  exception: 
overhung s t a t i o n  = 5 in. 
The i n f  
all = 
up1 = - 
uence c o e f f i c i e n t s  f o r  t he  rotor are: 
.483 x a12 = -1.744 x 812 = 3.489 x IOm3 
.744 x .IO'3 a22 = 5.079 x 822 = -1.159 x 
421 = 3.489 x I O e 4  422 = -I 159 X Y22 - 3.176 x 
The r e s u l t i n g  c r i t i c a l  speed p l o t  i s  given i n  Fig. 3.5 where it 
i s  observed t h a t  t h e  extended overhung sect ion has lowered the  two 
forward bending c r i t i c a l s  NI , NIf t o  1825 RPM and 4960 RPM respect ive ly .  
The corresponding mode shapes are given i n  Figs. 3.6 and 3.7 
f 
Also 
indicated on Fig. 3.5 i s  t h e  e f f e c t  of in te rna l  f r i c t i o n  damping ac t i ng  
a t  s t a t i o n  one and a t  s t a t i o n  two. With a value f o r  in te rna l  damping 
o f  0.2 Ib.-sec./in. ac t i ng  a t  t h e  rotor midspan, t h e  system threshold 
occurs a t  a sha f t  speed of  2500 RPM and w h i r l s  a t  75% of running speed 
t h i s  operat ing speed. 
95% of running speed which 
67 
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corresponds once again t o  t h e  lowest forward c r i t i c a l  o f  t h e  system. 
A t  higher speeds t h e  wh i r l  remains a t  t h a t  frequency corresponding t o  
t h e  lowest c r i t i c a l  speed. The r e s u l t s  for a r o t o r  speed o f  3000 RPM 
produces a wh i r l  which i s  62% o f  t h e  running speed as shown i n  the  
computer r e s u l t s  given i n  Table 3.1. 
The r o t o r  spec i f i ca t ions  are  p r in ted  a t  t h e  top  o f  t h e  tab le  w i th  
t h e  corresponding inf luence coe f f i c i en ts .  The mat r ix  f o r  t he  system 
i s  shown and corresponds t o  t h e  elements o f  t h e  system as shown on 
page 60. Each element o f  the 6 x 6 mat r ix  has th ree  c o e f f i c i e n t s  w i th  
t h e  f i r s t  one being the  c o e f f i c i e n t  o f  t he  quadrat ic term, X2, t h e  
second t h e  c o e f f i c i e n t  of X and f i n a l l y  t h e  constant term. The roo ts  
to  t h e  r e s u l t i n g  cha rac te r i s t i c  equation are a l so  shown w i th  the  rea l  
and imaginary parts, then the  imaginary p a r t  i n  RPM and f i n a l  l y  t he  
f r a c t i o n  of running speed f o r  each so lut ion.  
3.4 Transient Whirl Analysis 
The simple model of Example 3.2 was chosen t o  t e s t  t he  t rans ien t  
program which was formulated i n  Chapter 2. O f  p a r t i c u l a r  i n te res t  i s  
t h e  e f f e c t  of the  inc lus ion  of gyroscopics on t h e  r e s u l t s  o f  t he  time- 
t rans ien t  analysis.  The r o t o r  sha f t  spec i f i ca t ions  used i n  the  analys is  
are presented i n  Table 3.2. along w i th  t h e  approximated r o t o r  spec i f ica-  
t i o n s  which correspond t o  the  r o t o r  of Example 3.2. A gyroscopic s t a t i o n  
on the  overhang and a dummy seal (bearing) loca t ion  are a lso  speci f ied 
i n  Table 3.2. For t h e  purpose of s imp l i f y i ng  the  i n i t i a l  condi t ions 
required a zero g r a v i t y  f i e l d  i s  assumed. 
For a rotor speed of 
wi th  no i n te rna l  f r i c t i o n  
3000 RPM t h e  r e s u l t s  of t h e  s t a b i l i t y  program 
damping are as given i n  Table 3.3. These 
71 
TABLE 3.1 SYSTEM CHARACTERISTICS OF A 
CONFIGURATION HAVING INTERNAL 
OVERHANG 
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TABLE 3 a 3 SYSTEM CHARACTERISTICS OF A .l7?0 MASS ROTOR 
CONFIGURATION SHOVING STABLE RESPONSE FOR THE 
CASE OF NO INTERNAL DAFlPING 
74 
r e s u l t s  p red ic t  a s tab le  operat ing condi t ion.  
are not  predominant a t  t h i s  low speed a p o i n t  mass r o t o r  s imulat ion was 
Since the  gyroscopics 
run using t h e  code MODELJ. 
are given i n  Table 3.5 (see page 76). 
The r o t o r  spec i f i ca t ions  for t h i s  assumption 
The i n i t i a l  condi t ions were given t o  e x c i t e  the  f i r s t  mde  response 
w i th  a synchronous i n i t i a l  wh i r l  ra te.  Fig. 3.8(a> represents the  
t rans ien t  responfe of t h e  overhung d i s k  for f i v e  cyc les o f  running speed. 
The motion has an average wh i r l  o f  near ly  60% and i s  s tab le  as predicted 
by t h e  s t a b i l i t y  analysis.” The midsection response given in Fig. 3 . 8 ( b )  
ind icates t h e  presence of a higher mode developed i n  the  x-d i rect ion.  
The running speed Is between t h e  f i r s t  and second c r i t i c a l s  and a 
combination of t h e  modes i s  t o  be expected for  f r e e  response o f  t he  
system. 
I f  in te rna l  damping i s  introduced a t  t h e  midsection t h e  s t a b i l i t y  
analys is  ind icates an 
r a t e  of growth o f  t he  
r e l a t i v e l y  small rea l  
I 
unstable whi r l  o f  62% as given i n  Table 3.4. The 
i n s t a b i l i t y  should no t  be too  great due t o  the  
p a r t  o f  the  root .  The spec i f i ca t ions  f o r  t he  
t rans ien t  s imulat ion are given i n  Table 3.5. 
synchronous f i r s t  mode e x c i t a t i o n  are given i n  Fig. 3.9. The f i r s t  
f i v e  cyc les f o r  t h e  overhung and midsection are  given i n  Fig.  3.9(a) 
and 3.9(b) respect ive ly .  The o r b i t s  ind ica te  an approximate wh i r l  o f  
The t rans ien t  o r b i t s  f o r  
60% w i th  d e f i n i t e  i nd i ca t i on  t h a t  t h e  motion i s  o r b i t i n g  ou t  i n t o  an 
unstable pattern.  The cont inuat ion for cyc les SIX through ten  are 
shown i n  Figs. 3.9(c) and 3.9(d) w i th  d e f i n i t e  i nd i ca t i on  o f  an 
< unstable system. The 60% whi r l  has predominated the  response a t  t he  
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TABLE 3 .4  CHARACTERISTICS OF TWO NASS ROTOR SYSTEM 
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The i ncl usion of t h e  gyroscopic p roper t ies  o f  the  overhung sect ion 
should not d r a s t i c a l l y  a l t e r  t h e  t rans ien t  response from t h a t  obtained 
f o r  t h e  p o i n t  mass simulation. 
previous so lu t i on  bu t  inc lud ing t h e  gyroscopics a t  t h e  overhang t h e  
With the  same t ime step as f o r  t h e  
t rans ien t  response indicated from t h e  program i s  shown i n  Fig.  3.10. 
The i n i t i a l  response i s  smooth but  small cusps are  developed which grow 
i n t o  inner loops and f i n a l l y  t h e  response i s  dominated by an approximate 
10/1 whi r l  ra te.  The cusps and inner loops are  actual  sol u t ions o f  a 
simple gyro (71) but  t h e  large jumps i n  t h e  l a t e r  po r t i on  o f  t h e  
so lu t i on  are  c l e a r l y  inaccurate. There are  no energy producing mechanisms 
i n  t h e  system and hence t h e  physical considerat ions do not  a l low t h i s  
type response (72). 
The systemJhas been exc i ted by a frequency t e n  times running 
speed and Fig.  3.5 shows t h a t  t he  gyroscopic c r l t i c a l  i s  very near ly  
ten  times running speed f o r  t h e  case o f  N = 3000 RPM. The i n i t i a l  
condi t ions on the  angular displacements of the  overhung were spec i f ied  
as zero and hence induced small exc i ta t i ons  o f  t h e  order o f  10/1 o f  
running speed. 
accurately t r a c k  these exc i ta t i ons  and They eventual ly  became domlnant 
due t o  numerical d i f f i c u l t i e s .  The so lu t i on  a t  t he  end o f  t he  t h i r d  
cyc le  of running speed was used for i n i t i a l  condi t ions w i th  t h e  step 
s i ze  reduced t o  H = 0.01 (radians). 
for  a 10/1 whi r l  there  would be 63 steps per wh i r l  revo lut ion.  A 
sustained wh i r l  of ‘IO/I should r e s u l t  f r o m  such s t a r t i n g  condl t ions and 
t h e  so lu t i on  should be bounded. 
speed Is shown i n  Fig. 3.11 where the  expected sustalned 10/1 whl r l  i s  
ev i dent. 
The t ime step o f  t he  so lu t i on  was not  small enough to  
This  gives 628 steps per cyc le  o r  
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The next case considered was t o  s t a r t  t 
condi t ions as i n  Fig. 3.10 but  using a reduc 
The r o t o r  spec i f i ca t ions  are indicated i n  Table 3.8 
two cyc les a re  shown i n  Fig.  3.12. The overhung s t a t i o n  i s  observed t o  
have a s l i g h t  e x c i t a t i o n  
path f r o m  cyc le  I t o  the  
step has not allowed t h e  
o f  approximately 10/1 as indicated by t h e  wh i r l  
end o f  t h i s  so lu t i on  o r b i t .  The reduced t ime 
e x c i t a t i o n  t o  grow as it had i n  the  previous 
case w i th  t h e  larger  t ime step. 
The next example case considers t h e  in f luence o f  unbalance on t h e  
r e s u l t i n g  t rans ien t  inc lud ing gyroscopics. The unbalance spec i f i ca t ions  
are  as given i n  Table 3.9 which ind icates 0.002 oz- in.  unbalance a t  each 
o f  t h e  two major  mass s t a t i o n  and 180' o u t  o f  phase. 
f i v e  cyc les i s  given i n  Fig. 3.13 where t h e  gyroscopics are observed 
t o  once again e x c i t e  the  so lu t i on  and a l t e r  t he  o r b i t s  much t h e  same 
as before. 
A smooth o r b i t  i s  obtained up t o  the  end o f  t h e  t h i r d  cyc le  of motion. 
The response f o r  
The step s i ze  i n  t h i s  case was t h e  larger  value of  H = 0.05. 
Addi t ional  t rans la t i ona l  damping a t  both s ta t i ons  was introduced as 
indicated i n  Table 3.10 w i th  the  r e s u l t s  obtained shown i n  Fig. 3.14. 
The i n i t i a l  response is suppressed bu t  t h e  gyroscopic inf luence pe rs i s t s  
t o  enter  t he  so lu t i on  i n  the  fou r th  revolut ion.  
as indicated i n  Table j.11 produces t h e  response shown i n  Fig. 3.15. 
The overhung s t a t i o n  has a very regular  symmetric pa t te rn  and would 
approximately repeat i l * s e l f  for t h e  next f i v e  cyc les as would the  mid- 
The p o i n t  mass model 
sect  ion. 
The next considerat ion was t o  again reduce the  t ime step and s t a r t  
t h e  so lu t i on  a t  t h e  end of cyc le  th ree  f o r  t he  case o f  F i q .  3.13. 
86 
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i ns tab i  
damp i ng 
6 shows cyc les four  and f i v e  and no i nd i ca t i on  t h a t  numerical 
i t y  i s  present i n  t h i s  so lut ion.  A small amount o f  angular 
was next considered t o  cont ro l  t h e  gyroscopic harmonics and 
prevent them from producing inaccurate resu l ts .  F ive cyc les a t  t he  
larger  step o f  0.05 i s  shown i n  Fig.  3.17 and ind icates t h a t  t h e  
i n s t a b i l i t i e s  have been suppressed. 
For t h e  same i n i t i a l  condi t ions as the  previous o r b i t  t h e  response 
f o r  t en  cyc les w i th  an i n i t i a l  step i n  speed t o  10,000 RPM i s  shown i n  
Fig. 3.18. Fig. 3.19 ind icates t h e  e f f e c t  of  an accelerat ion r a t e  o f  
50,000 RPM/sec. on t h i s  same motion f o r  t en  cycles. 
These r e s u l t s  ind ica te  t h a t  the  proposed t rans ien t  so lu t ion  can 
produce wh i r l  o r b i t s  t h a t  may be used t o  study t h e  performance o f  r o t a t i n g  
i t y  analys is  
on o f  gyroscopics 
i n  a multi-mass system must be handled w i th  extreme care so as t o  avoid 
numerical i n s t a b i l i t i e s  i n  the  so lu t ions  and it i s  suggested t h a t  a 
p o i n t  mass model s imulat ion precede any run inc lud ing gyroscopics. 
Addi t ional  r e s u l t s  f o r  f l e x i b l e  supports using t h i s  computer code 
I 
are presented i n  Chapter V. 
machines. The predicted unstable whi r l  from t h e  s tab i  
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CHAPTER I V  
LlTY OF SOFT MOUNTED JOURNAL BEAR 
ncrease of s tab le  operat ing speed 
NGS 
range as a r e s u l t  
of support f l e x i b i l i t y  and damping has been reported i n  t h e  l i t e r a t u r e  
(16,74,75,76). A recent analys is  by Choudhury (43) has examined the  
e f f e c t  of simple s o f t  mounts on the  s t a b i l i t y  o f  the  p l a i n  c y l i n d r i c a l  
shor t  journal  bearing. The present analys is  w i l l  present the  equations 
necessary for t h e  t ime-transient so lu t ion.  The r e s u l t i n g  computer code 
r e s u l t s  a re  then compared w i th  the  s t a b i l i t y  boundaries presented by 
Choudhury. The in f luence of unbalance on t h e  hor izonta l  and v e r t i c a l  
bearing system i s  a l so  discussed and several t rans ien t  o r b i t s  a re  present- 
ed i n  connection w i th  t h a t  discussion. 
4.1 Descr ip t ion o f  t he  System 
An ideal ized r i g i d  symnetric rotor supported by ident ica l  bearings 
on e l a s t i c  supports i s  shown i n  Fig. 4.1. I f  the  r i g i d  r o t o r  i s  exc i ted 
on ly  i n  the  c y l i n d r i c a l  mode then the  equivalent system shown i n  Fig. 
4.2 may be used t o  examine the  r e s u l t i n g  response. 
i s  shown i n  Fig. 4.2 w i th  a reg ion o f  c a v i t a t i o n  which must be included 
i n  the  so lu t i on  t o  simulate the  behavior of  actual  f l u i d - f i l m  bearings. 
A f l u i d - f i l m  bearing 
The journal  motion may be represented by t h e  coordinates as shown 
i n  Fig. 4.3. 
motion w i l l  be used t o  formulate the  equations o f  motion. 
response may be expressed as a small eccent r i c i t y ,  e o f  t h e  mass center 
from the  geometric center of  t h e  journal .  The journal  o r b i t s  w i  I 1 be 
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F I G .  4 . 2  CROSS-SECTION OF EQUIVALENT R I G I D  ROTOR SYSTEM 
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presented as the  t r a j e c t o r i e s  of tt,e journal  center ins ide of  the  
clearance c i r c l e  as has been t h e  prac t ice  i n  journal  bearing t rans ien t  
studies (18,41,60). 
4.2 Equations o f  Motion for the  Transient Solut ion 
The equations of motion o f - a  r i g i d  r o t o r  supported by journal  
bearings can be w r i t t e n  i f  t h e  expressions f o r  t h e  f l u i d - f i l m  bearing 
forces are known o r  can be calculated. 
t h a t  t h e  short-bearing theory i s  appl icable when L/D < 1 .  Booker (77) 
One approach has been t o  assume 
has reported t h a t  t h e  shor t  bearing equations compare favorably w i th  
f i n i t e  d i f fe rence so lut ions.  
w r i t t e n  as (18) 
The expressions f o r  t he  forces can be 
where t h e  in tegra l  i s  t o  be ca lcu lated numerical ly and negative pressures 
se t  t o  ambient t o  model cav i ta t i an .  
The coordinate system i s  shown Tn Fig. 4.3 where the  absolute bearing 
and r e l a t i v e  journal  displacements have been chosen t o  describe the  
system behavior. The pos i t i on  vectors are given as: 
Fb/o = X I 1  + 
P/o 3 pb/o + p j / n  
where 




The pos i t i on  vector o f  t h e  mass center of the  journal  i s  given as 
* 
$ d o  = (XI + x. + e cos(w.t))  i 
J Y J 
* 
+ (y1 + yj + e s i n ( w . t ) )  j IJ J C4 = 51 
The accelerat ion of t h e  journal  mass center i s  found by d i r e c t  
d i f f e r e n t i a t i o n  of  the  above expression. 
* 
V~’O = (AI + j ,  - e w .  s i n ( w . t ) )  i j P J  J 
* 
+ (91 + pj + e w .  cos(w.t)) j 
Y J  J 
.. .. 2 + 
= (XI + x - e ti. s in (w. t )  - e w .  cos(w, t>)  i *j/o a 
j Y J  J P J  J 
* 
+ (i;l + ;ij + e i. cos(w.t)  - e w2 s in (w . t ) )  j 
Y J  J u j  J 
C4.61 
c4  71  
Once t h e  bearing fo rce  expression and accelerat ion components are 
known t h e  equations of motion are  e a s i l y  w r i t t e n  by apply ing Newton’s 
Second Law: 
* -t 1 Fi = m.a i = 1,2 
I i’ 
where 
i = I re fe rs  t o  t h e  bearing motion 
i = 2 r e f e r s  t o  t h e  journal  absolute motion 
Hence f o r  t he  journal  equation: 
c4 8 1  
x-component: 
2 .. .. 
mg(x1 + x - e & .  s in(w. t )  - e w .  cos(w.t) 
j V J  J V J  J 
= Fo cos(rjw.t) + (Fi lm Force) x-dlr. 
J I 
y-component: 
2 .. .. 
m2(y1 + y j  + eVhj cos(w.t) - e w.  s i n (w . t ) )  
J V J  J 
= Fo sin(r jw.t) + (F i lm Force) y-dir. - w2 J I 
The bearing equations o f  motion a r e  as fo l lows: 
x-component: 
.. 
m l x l  = 1 Fb = -kxxl  - cxkl - (Fi lm Force)Ix-dir. 
X 
C4. I oa] 
[4. I Ob] 
[4. I la ]  
y-component: 
.. 
m l y l  = 1 Fb = -kyyl  - c,g1 - (Fi lm Force)ly-dlr. - w 1  [4. I I b] 
Y 
The expressions f o r  t he  f i l m  forces can be expressed a s  equivalent 
l i n e a r  s t i f f n e s s  and damping a t  any given instant.  That i s ,  
A I 
F = (Fi lm Force) = -[k y. + k x. + c 9 + c 9.1 





- - -  
j 
Z X  
k = - -  
XY ' Y j  


















YY a v j  
The l i m i t s  o f  in tegra t ion  and 
by t h e  steady s t a t e  equ i l i b r i um pos 








he fo rce  components a re  determined 
t i o n  (42,431. The equations of 
de f in ing  t h e  fo l low ing  var iab les:  
where c = rad ia l  clearance of  t h e  journal  bearing. 
Rewr i t t ing  the  equations o f  motion and so lv ing  for the  accelerat ion 
terms r e s u l t s  i n  
h 
C F 
2 1  m l  msuj m2u mpcw 




FX C O S ( ~ T )  + - FO .. .. X .  = - X i  + E COS(T) + m2cw. 2 
j J 





sin(qT1 +,L2 -  C4.241 Y = -Y1 + E s ln(T)  + - FO .. .. mpcw . 2 mpcw m2cw 2 
J J , j  j tc 
These equations may be integrated forward i n  t ime by any One o f  
several methods o f  i n teg ra t i ng  f i r s t - o r d e r  d i f f e r e n t i a l  equations (42). 
This means t h a t  t o  solve the above equations, e i g h t  f i r s t  order equations 
must be integrated. The f l u i d - f i l m  forces can be solved a t  each t ime 
step and the  s o l u t i o n  tracked f o r  a given r o t o r  system. 
s o l u t i o n  i s  essent ia l  f o r  determining t h e  dynamic loading under d i f f e r e n t  
This method o f  
t r a n s i e n t  motion caused by shock o r  unbalance fo rc ing  functions. This 
approach Is not t h e  appropr iate method to  determine the  threshold o f  
i n s t a b i l i t y .  The c h a r a c t e r i s t i c  equation can be examined f o r  i n s t a b i l i t y  
by so lv ing f o r  t h e  roo ts  and not lng when a p o s i t i v e  rea l  p a r t  o f  t h e  
root, A, exis ts .  Moreover, t h e  method o f  Routh does no t  requi re  the 
roo ts  t o  be solved f o r  but on l y  t h a t  an array derived from the  c o e f f i c i e n t s  
o f  t he  c h a r a c t e r i s t i c  equation be formed and examined. The r e s u l t s  o f  
t h i s  type analys is  (43) produces s t a b i l i t y  p l o t s  t h a t  w i l l  be discussed i n  
t h e  fo l l ow ing  section. 
4.3 Horfzontal Journal Bearing S t a b i l i t y  
The p l a i n  cy l i ndq ica l  bearing has received much a t t e n t i o n  i n  the  
l i t e r a t u r e  (78-85). Recent invest lgat ions (18,41,691 have presented 
108 
s t a b i l i t y  maps t h a t  have agreed t h a t  t he  s t a b i l i t y  boundary 
approximated a t  d w  = 2.5 f o r  shor t  journal  bearings loaded 
e c c e n t r i c i t y  o f  0.80. 
9 
A t  higher e c c e n t r i c i t i e s  the  bearing 
S 
up t o  an 
s stable 
a t  a l l  speeds. The wh i r l  o r b i t  i n  Fig. 4.4 represents t h e  motion of 
the  journal  i n  the  clearance c i r c l e  f o r  f i v e  cyc les o f  motion. 
journal  was released w i th  a l l  i n i t i a l  condi t ions zero and operat ing a t  
an angular speed of 6500 RPM which i s  very near bu t  below the  s t a b i l i t y  
threshold ( d a m  = WS = 2.45). The journal  i s  s p i r a l i n g  i n  toward the  
The 
equ i l ib r ium ec 
I f  a step 
cond i t ion  o f  F 
journa I wh i rl s 
Y 
e n t r i c i t y  = ES = 0.211. 
increase o f  speed t o  10,500 RPM occurs a t  
g. 4.4 t h e  r e s u l t i n g  m t i o n  i s  shown i n  F 
o u t  i n  an o r b i t  t h a t  has an average whi r l  
the  end 
g. 4.5(a). The 
r a t e  o f  c lose  
t o  one-half journal  speed as indicated by t h e  small t im ing  marks on the  
o r b i t  path. The maximum force  has doubled t o  145.6 Ib .  and occurs a t  
8.96 cyc les as indicated by t h e  as te r i sk  on t h e  o r b i t .  The motion i s  
continued for another f i v e  cyc les i n  Fig.  4.5(b)showing t h e  o r b i t  forming 
a l i m i t  cyc le  and w h i r l i n g  a t  s l i g h t l y  less than 1/2 running speed. 
maximum force  occurs a t  t he  end o f  the Igth cyc le  o f  motion and has 
increased t o  almost four  times t h e  s t a t i c  loading. 
The 
The equations i n  Section 4.2 for the  s o f t  mounted journal  bearing 
have been examined by Choudhury (43) f o r  s t a b i l i t y .  I f  so lu t ions  o f  
t h e  form Xi = Ai eXt a re  assumed the  equations o f  motion produces a 
determinant given by: 
HORIZONTAL 
N -  65M)RPn 
R = 1..00 IN. 
L * 1.00 IN. 
c = 5.00 MILS 
TRSt4RX = 1.29 
S - 1.733 




HU.5 = 1.cm RETHS 
FHRX = 6Lt.Y LB. fMl 
WS = 2.% 
ES - 0.211 
n = 50 LB. 
C?!XMlS RT 0.53 CYClE 
FIG. 4.4 JOURNAL ORBIT OF A BALANCED HORLZOXTAL ROTOR ON 
























1 1 1  
= o  
The bearing cha rac te r i s t i cs  a re  ca lcu la ted  a t  a given equ i l ib r ium 
e c c e n t r i c i t y  and t h e  r e s u l t i n g  c h a r a c t e r i s t i c  polynomial which i s  eighth 
order i n  A was examined by Choudhury using t h e  Routh c r i t e r i o n  ( 8 6 ) .  
Many s t a b i l i t y  maps were produced by the  analys is  and one ser ies  i s  
given i n  Fig.  4.6-4.3. The ser ies o f  curves i s  f o r  a support t o  journal  
mass r a t i o  o f  0.1 and s t i f f n e s s  r a t i o  KB of  0.01, 0.1, and I .O. 
e f f e c t  of support damping i s  shown by t h e  fami ly o f  curves f o r  the  
The 
damplng r a t i o  CB. The length t o  diameter r a t i o ,  L/D, was chosen as 0.5 
for t h i s  ser les  of  p lo ts .  The r i g i d  support s t a b i l i t y  boundary i s  shown 
by t h e  dash-dot curve and i s  as described e a r l i e r  i n  t h i s  discussion. 
The constant load I ines given by t h e  dashed curves represents t h e  
e c c e n t r i c i t y  t h a t  a p a r t i c u l a r  journal  would have as t h e  journal  speed 
i s  varied. 
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FIG, 4 . 6  STABILITY MAP F@R JOURNAL ON ELASTIC DAMPED 
SUPPORTS (L /D=%, Kg=O. 01 , MI /?.t 2=0 1 1 
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0.4 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
ECCENTRICITY, EO C01M-Y 
FIG. 4 .7  S T A B I L I m  MAP FOR JOURNAL ON ELASTIC D M E D  




FIG, 4 . 8  STABILITY MAP FOR JOURNAL ON ELASTIC DAMPED 
SUPPORTS ( L/G=%p KB=I -0, MI /M2=O I ) 
CB = 20.0 Ib-sec/in., and weight o f  5 Ib. 
t he  example o f  Fig. 4.4: 
Con 
w = = 278 rad/sec 
9 
= 0.556 - - 
cB - - 50 (278) 
386 
The s t a b i l i t y  boundary should occur a t  us = 12 as indicated by t h e  
s t a b i i  i t y  maps of  Fig. 4.6 f o r  KB = 0.1. 
N = 10,500 RPM, WS = ws = 3.96 and should be s tab le  f o r  t h i s  support 
system. 
journal  on t h e  support system and it i s  apparent t h a t  t he  journal  has 
been s t a b i l i  
For the  case o f  journal  speed, 
Fig. 4.9(a)shows four  cycles o f  t h e  t ime t rans ien t  o f  t h e  
The support motion i s  given i n  Fig. 4.9(b)and has no 





t he  journal  i s  indeed unstable and growing a t  a very slow ra te .  The 
support motion i s  n e g l i b i b l e  and i s  absorbing t h e  large journal  forces 
very well but  i s  no doubt increasing a t  t h e  end o f  t h e  f o u r t h  cycle.  
For a journal  speed o f  45,000 RPM the  system i s  well above the  
threshold and as indicated i n  Fig. 4. I 1  (a) the r a t e  o f  growth i s  g r e a t l y  
increased. The bearing fo rce  i s  20 times t h e  s t a t i c  loading w i th  t h e  
support fo rce  a t  t h e  f i f t h  cyc le  given by .21.9 Ib .  over the  s t a t i c  
load ng. The support motion given i n  Fig.  4.11(b) is, even i n  t h i s  case, 
s t i l  n e g l i g i b l e  a f t e r  f i v e  cyc les o f  motion. 
S t a b i l i t y  analyses such as t h a t  conducted by Choudhury must t r e a t  
balanced r o t o r  systems and do not  g ive  any i nd i ca t i on  o f  t h e  behavior 
under external  loading o r  t he  degree o f  s t a b i l i t y .  Some ind i ca t i on  of 
the  r a t e  of growth can be obtained i f  t h e  roo ts  o f  t he  c h a r a c t e r i s t i c  
equation are  solved for i n  add i t i on  t o  apply ing t h e  Routh c r i t e r i o n .  
The t ime t rans ien t  technique i s  capsble o f  g i v i n g  t h i s  type informat ion 
and i s  t h e  reason t h i s  type so lu t i on  i s  so important t o  p rac t i ca l  design 
theory. Unbalance o r  any o ther  timewise describable fo rce  i s  e a s i l y  
included i n  the  so lut ion.  Considerable a t t e n t i o n  has been given t o  t h e  
r i g i d  mount shor t  journa I bearing t ime t rans ien t  behavior I8,4 I 1. The 
fo l l ow ing  discussion w i l l  extend t h i s  r i g i d  mount journal  t o  include the  
e f f e c t  of support f l e x i b i l i t y  on t h e  unbalance response. 
Fig. 4.12 represents f i v e  cyc les o f  motion o f  an unbalanced r o t o r  
This i s  t he  same r o t o r  t h a t  was examined e a r l i e r  running a t  6500 RPM. 
i n  t h i s  section. The journal  mass center i s  eccentr ic  by 0.20 o f  t h e  
clearance ( ie .  EMU = E = 0.201.- The o r b i t  indicates t h a t  the  motion i s  




ttUR I ZDNTAL UNBRLRNCED ROTOR 
N =  65ooRFn 
R = i.00 IN. 
L = 1.00 IN. 
c - 5.00 fl1LS 
TRSURX = 2.70 
S = 1.733 
ss = 0.933 
EHU = 0.20 
SU = l.W6 
1 R O M  - 2.26 
a. -E 
WT - 1.00 
w = 50 w. 
FHW = 135.2CB. RNO 
CCS = 2.95 
ES = 0.211 
FU = 59.95 LB. 
FUWTIlI = 1.20 
ESU = 0.299 
WU.5- 1.m 
OCS’&S RY 0.86 CYCLE 
FIG. 4.12 JOURNAL ORBIT OF AN LQBALANCED WTOR OX RIGID 
SUPPORTS FOR FIVE CYCLES (N=6,500, W=50, C=O.O05, 
L/D=%, mu=0.2) 
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marks ind ica te  t h a t  t h e  average wh i r l  i s  
and t h e  inner loops ind ica te  the  prese 
As t he  r o t o r  speed i s  increased t o  10,500 RPM Flg.  4.13 ind icates t h a t  
the  f rac t i ona l  wh i r l  dominates the  motion as  t h e  inner l o o p s  disappear 
and the  t im ing  marks begin t o  f a l l  two per wh i r l  cycle.  
f o l  owing support system for t h i s  example. 
Consider the  
Let  
mass o f  bearing = 5.0 Ib.; ml/mp = 0.1 
s t i f f n e s s  o f  support = 10,000 Ib / in ;  FB = 1.0 
damping o f  support = 200 I b-sec/ 1 n; rB = 5.56 
From the  s t a b i l i t y  map o f  Fig.  4.8 the  system should be s tab le  a t  
6500 RPM (os = 2.45) and poss ib ly  c lose  the  threshold a t  10,500 RPM. 
Figure 4.14(a)shows t h e  e l l i p t i c a l  steady s ta te  o r b i t  f o r  the  case o f  
6500 RPM. 
of t h e  support system (ie., bearing housing mass). 
The next f igure,  4.14(b) ind icates t h e  corresponding motion 
When o r b i t s  a re  ca lcu la ted  by any type  in teg ra t i on  scheme there  i s  
always the  p o s s i b i l i t y  t h a t  t h e  r e s u l t s  a re  meaningless. To i l l u s t r a t e  
t h i s  fact ,  t h e  case j u s t  considered was run w i th  a la rger  t ime step and 
produced t h e  o r b i t  of Fig. 4.14(c). I t  i s  q u i t e  obvious t h a t  t he  o r b i t  
i s  not co r rec t  due t o  t h e  o s c i l l a t i o n s  s t a r t i n g  near t h e  end o f  t he  f i r s t  
cyc le  o f  motion. 
t h e  so lu t i on  i s  incorrect .  The support motion i s  very near ly  t h e  same 
The next f igure,  4.14(d) i s  no t  near ly  as obvious t h a t  
3 
as t h e  o r b i t  o f  Fig. 4.14(b). Extreme caut ion must be exercised by t h e  
researcher when producing t h e  t ime- t rans ient  so lu t i on  f o r  j u s t  these 
rea sons . 
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HORIZONTRL UNBALANCED ROTOR 
R1, am 
N - 10500 RPH WT - 1.m 
R - :.DO IN. W - 50 LB. 
L - 1.00 IN. nu85 1.000 RETNS 
C = 5.00 MILS FHRX = 3 8 . 7  Le. RM) 
TRSMRX = 9.97 OCCkRS RT 8.95 CYCLE 
5 = 2.800 WS I: 3.96 
SS - 0.700 ES = 0.139 
EMU - 0.20 FU - 156.95 LE. 
SU - 0.895 FURRTXU - 3.13 
TROHRX = 1.59 E % =  0 . 3 2  
FIG. 4.13 JOURNAL ORBIT OF AN UYBALANCED ROTOR ABOVE 




































For the  support system being considered and journal  speed o f  10,500 
RPM, Fig. 4.15(a) ind icates t h a t  t he  wh i r l  i s  dominated by a f rac t i ona l  
whi r l  and i s  indeed beyond t h e  threshold speed. The corresponding support 
motion i s  shown i n  Fig. 4.15(b). 
Figure 4.16 was an o r b i t  run as a check case whi le  the  computer code 
was being developed. The support system was frozen (KS = I m i l l i o n ,  
= 100) and the  r e s u l t i n g  o r b i t  can be compared t o  t h e  o r b i t  o f  Fig. 
cs 
4.12 which was presented i n  (18). 
A l i g h t e r  support system has been ind icated (19) t o  g ive  be t te r  
steady-state response at tenuat ion.  
I b / i n  and damping t o  20 Ib-sec/in, t he  unbalance response i s  given by 
Fig. 4.17 a f o r  an unba\ance e c c e n t r i c i t y  o f  E = 0.20. The improved 
lJ 
response at tenuat ion i s  r e a d i l y  apparent and the  forces t ransmi t ted are 
moderate s ince the  unbalance load i s  156.6 Ib.  f o r  t h i s  example. The 
support motion and forces are  referenced from s t a t i c  condi t ions and 
Fig. 4.17(b)indicates the  bearing housing motion f o r  t h i s  p a r t i c u l a r  
case. 
s t a t i c  loading (55 Ib.). 
Reducing t h e  s t i f f n e s s  t o  KS = 1000 
The support experiences a maximum force  o f  33.5 Ib. over the  
An increase o f  t he  unbalance e c c e n t r i c i t y  t o  0.80 produces an 
unbalance load o f  626.4 Ib. Fig. 4.18(a)glves the  t rans ien t  and 
r e s u l t i n g  synchronous o r b i t  and a maximum force  t o  t h e  bearing of  on ly  
474.7 Ib., less than t n e  unbalance load. The corresponding bearing 
motion i s  given i n  Fig. 4.18(b)and t h e  maximum force t ransmi t ted i s  
on ly  136.7 I b .  above t h e  s t a t i c  loading. 
j’ 
This  type  unbalance at tenuat ion of both amplitude and t ransmi t ted 
forces i s  very des i rab le when considering t h e  extended l i f e  o f  a machine. 
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HCIRIZONTRL UNBRLRNCED RClTOA 
N = 6500 RPW. 
HJ = 50.0 LB. 
Id8 = 50.0 LB. 
EMU = 0.20 
FJ - 0.00 LE. 
FHX = 0.00 LB. 
FHY - 0.CO LE. 
KBXB-3 = 1000 LW1N 
CBX = 100.0 LB-SEWIN 
L1 .m -0.m 4.333 -0.m 0.333 0.667 1.m 
X-DIR. 
FIG, 4.16 JOURNAL TRANSIENT UNBALANCE RESPONSE FOR FROZEN 





I n  many eases t h e  forces t r a n s m i t h d  increase when the  amp1itl;des are  
reduced but  t h i s  case demonstrates t h a t  damping can be designed i n t o  
nonl inear f l u i d  f i l m  bearings t o  reduce the  t r a n s m i s s i b i l i t y  t o  the  
bearing surface as wel l  as t o  the  support housing. 
4.4 Ver t i ca l  Bearing Whfrl 
The balanced v e r t i c a l  journal  bearing i s  unstable a t  a l l  speeds. 
Yet there  a re  machines running i n  the  v e r t i c a l  mode t h a t  e x h i b i t  
reasonable response. I t  has been shown (18) t h a t  ne t  external  un id i rec-  
t i o n a l  loading can improve the  s t a b i l i t y  o f  r i g i d l y  mounted journal  
bearings. The add i t i on  of  a damped support system does not  improve the  
s t a b i l i t y  o f  t he  v e r t i c a l  balanced journal  bearing. The system t h a t  
was s tab le  i n  t h e  hor izonta l  mode i s  shown t o  be unstable i n  Fig.  4.20(a). 
The journal  was given i n i t i a l  condi t ions 
x = Y = 0.0 
x = -Y = 0.15 
where 
x = x/c, Y = y/c 
i = ;</(cw), .j = j / / ( cw)  
The t rans ien t  response ind icates t h a t  these i n i t i a l  condi t ions 
were compatible w i th  t h e  natural  response. Although t h e  system i s  
unstable the  r a t e  of  growth i s  considerably less than t h a t  o f  the  r i g i d  
case, Fig. 4.19. 
it does e f f e c t  t he  degree of i n s t a b i l i t y .  The corresponding support 
response i s  given i n  Fig. 4.20(b). I t  was shown i n  (18) t h a t  an unbalance 
e c c e n t r i c i t y  greater than 0.16 was required t o  cancel t h e  nonsynchronous 
Although t h e  support does no t  s t a b i l i z e  the  journal ,  
VERTJCAL UNBRLRNCEO ROTOR 
N - l a 5 0 a R P n  
n 1.00 IN. 
f - 1.00 IN. 
TRSWUr= 2.98 
s =  2.800 
SS = 0.700 
€nu 0.01 
59 = 17.837 
TADPW - 19.02 
c - s.m nrLs 
m. szm 
UT - 0.00 
W - 50 LB. 
rubs- 1.w AE-YNS 
F ~ R X  1w.e LB. RND 
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L15 = 3 .s  
ES = 0.139 
N = 7.02 LE. 
W T X O  = 0.16 
ESU= 0.023 
F I G ,  4.19 JOURIYAL ORBIT OF A SLIGHTLY UNBALANCED VERTICAL 




s t i f f n e s s  o f  10,000 I b / i n  and damping of 20 I 
t o r b i t  shown i n  Fig. 4.21(a)for a s t r a n s i e  
SUPP0t-t 
i n  Fig. 
be stab 
4.21(b). I f  t h e  journal  were on r i g i d  supports t h e  motion would 
e synchronous as indicated i n  Fig.  4.22 w i th  t h e  maximum force 
less than the  unbalance load. This  example i l l u s t r a t e s  t h a t  an improperly 
designed damped support can g ive  undesirable response. 
increased t o  200 Ib-sec/in the  journal  r e l a t i v e  motion i s  shown i n  Fig.  
I f  the  damping i s  
4.23(a)and ind icates t h a t  the  amplitude has been reduced by the  increased 
support damping. The support motion i s  a lso  suppressed as indicated i n  
Fig.  4.23(b). 
The preceding analys is  o f  hor izonta l  journal  bearings indicated 
t h a t  a l i g h t e r  support s t i f f n e s s  would g ive  improved response. Figure 
4.24(a)shows t h e  t rans ien t  o f  t h e  improved support system operat ing a t  
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FIG. 4.22 JOURNAL OIiBIT OF AN UNBALANCED VERTICAL ROTOR 
FOR CYCLES 6- 1 O SHOWING NOTIOS APPROACHING 
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FIG. 4 .25  JOURNAL ORSIT OF AN UNBALANCED E'RTICAL ROTOR 
FOR CYCLES 5-10 (N=IO, 500, EbfU=O. 2) 
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An increase of unbalance e c c e n t r i c i t y  t o  0.80 produces an unbalance 
loading of  626 Ib. 
has a maximum force  of  538 Ib., less than t h e  unbalance loading.- The 
support t rans ien t  i s  shown I n  Fig. 4.26(b)where the  maximum force  to  
t h e  support housing i s  on l y  139 Ib. 
The r e s u l t i n g  response Is glven i n  Fig. 4 .26(a)a~d 
The in f luence of unbalance on v e r t i c a l  bearings has recent ly  been 
found t o  be e f f e c t i v e  i n  producing s tab le  operat ion of  v e r t i c a l  water 
pumps f o r  use i n  nuclear power plants.  Th is  design procedure is j u s t  
t h e  opposi te of what i s  des i rab le for hor izonta l  machines where unbalance 
induces a synchronous w h i r l i n g  motion. This p a r t i c u l a r  case o f  v e r t i c a l  
bearings i s  another example of t h e  power o f  t he  t ime- t rans ient  so lu t i on  
i n  rea l  bearing design. 
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CHAPTER V 
MULTI-MASS FLEXIBLE ROTOR WITH LINEAR 
SOFT MOUMED BEARlNGS 
5.1 Descr ip t ion of t h e  Rotor Model 
A r o t o r  sha f t  supported by t w o  s i m i l a r  bearings can be reduced t o  
t h e  study o f  motion i n  a plane if the  e x c i t a t i o n  t o  t h e  system i s  
symmetrical about t h e  r o t o r  midsection. The'continuous rotor mass may 
be lumped a t  t he  s h a f t  center and journa l  locat ions as i l l u s t r a t e d  i n  
Fig.  5.1. Th is  mode then a l lows t h e  e f f e c t s  of cross coupl ing Q, 
in te rna l  damping Ci,  unbalance, and bearing housing f l e x i b i l i t y  t o  be 
studied from a r e l a t  ve ly  simple mathematical model. The coordinates 
used t o  study t h e  response a re  given i n  Fig. 5.2. The bearing housing 
motion i s  noted as (XI, y11, t h e  journal  r e l a t i v e  motion as (x j?  Y J L  
and the  r o t o r  absolute motion as (x2, y2). 
The in f luence of t h e  support f l e x i b i l i t y  and damping w l th  t h e  
journal  mass neglected was discussed i n  Section 1.2 and g ives a good 
bas is  for understanding t h e  r e s u l t s  t o  be obtained f r o m  t h i s  analysis.  
5.2 Equations o f  Motion 
The system represented i n  Fig. 5.1 i s  best  described i n  terms of 
t h e  sha f t  s t i f f n e s s  and equivalent mass, ks and m2 respect ive ly .  If 
each journal  has an equivalent mass m and each support has mass m l ,  
then t h e  equations of  motion are  e a s i l y  derived ( 5 9 )  and r e s u l t  i n  


















m2s2 + c 22 + c (A2 - k l  - i C . 1  + ks(x2 - XI - x. )  
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The support equations can be reduced t o  the  fo l l ow ing  form by 
using Eqs. 5.4-5.5. 
.. 
m l x l  + clxj<l + k l x x l  - cxrgj - k xx x j - c xy 9 j kxyYj = O C5 71 
5.3 Steady State Solut ion 
5.3. I Amp1 i tudes of  Motion 
The equations of  motion of t h e  symmetric three-mass r o t o r  may be 
solved for t h e  steady-state so lu t i on  by standard procedures ava i l ab le  
i n  t h e  l i t e r a t u r e  (87). i f  so lu t ions  of t h e  fo l low ing  form are assumed, 
y2 = C cos(wt) + D s i n h t )  c5. I O ]  
x = E cos(wt) + F s in (wt )  
j 
= G cos(ot )  + H s i n h t )  
yj 
xl = K cos(wt1 + L s in (wt )  
[5. I I ]  
[5. I27 
[5. I 37  
y1  = N cos(wt) + P s in (&- )  c5.141 
a t  ions which may 
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be represented i n  ma t r i x  no ta t ion  as shown on t h e  fo l l ow ing  page. 
If the  fo l low ing  var iab les are  defined, 
ZZ = rn2w 
222 = m2w2 
ZI 
Z5 = m2/m 
+ k )/(2 x 2221, 232 = Z3/2 27 = (Zkxx 
= cs/ZZ, 22 = ci/ZZ, 23 = ks/ZZ2, F4 = Q/222 
26 = (cI + 2cxx)/(2 x 221, 222 = 22/2 
j’ 
S 
+ k )/(2 x 222) (2kyy s 28 = ( c J  -F. 2~ )/(2 x 221, Z9 = 
Z19 = k /222, 220 = c /ZZ, 221 = k /ZZ2, 223 = c /ZZ 
ZIO = m2/m l r  Z i l  = klx/ZZ2, 212 = clx/ZZ, 213 = kxx/ZZ2 
YY 
XY XY YX YX 
214 = cXx/ZZ, 215 = kly/ZZ2, 216 = Cly/ZZ 
217 = k /222, 218 = c /ZZ 
YY YY 
then t h e  elements o f  t h e  ma t r i x  may be obtained from t h e  l i s t i n g  o f  t h e  
computer program SSFROLS i n  Appendix E as t h e  array A[I,J]. 
amplitudes i n  t h e  x and y coordinate d i rec t i ons  are then given by 
The maximum 
lx21 = x2 = m [5. I 5 3  
w i t h  similar equations f o r  t h e  journal  and support equations. 
5.3.2 Phase Angles f o r  E l l i p t i c  Orb i t s  
If a p a r t i c u l a r  motion i s  described by t h e  equations: 
x = A c o s h t )  + B s i n h t )  






































































then t h e  r e s u l t i n g  motion i s  given (87) by t h e  major and mino 
semi-axis, a and b, and angle of  inc l ina t ion ,  9, 
where 
w i th  
and 





These equations may be appl ied t o  t h e  ro to r ,  journal ,  and support 
displacements t o  describe the  motion. An a l te rna te  representat ion i s  
t o  w r i t e  the  x,y components o f  motion as 
x = x cos(wt - $X) c5.227 
y = Y s in (wt  - By' )  = Y cos(wt - C5.231 
These amplitudes and phase angles can be obtained from experimental 
s indicated i n  Fig. 5.4 i f  t h e  d i r e c t i o n  o f  wh i r l  can be 
d. The phase angles are  dependent on whether the  w h i r l  i s  
FIG, 5 .3  ELLIPTIC ORBIT SHOWING ELLIPSE M G L E  8 ,  N4JOR 
SEMI-AXIS a, AND MINOR SEMI-AXIS b 
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FIG. 5.4 CONSTRUCTION FOR OBTAINING CIRCUIAR PHASE 
ANGLES FROM ELLIPTIC WHIRL ORBXTS 
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a coordinate d i r e c t i o n  i n  two planes. 
5.3.3 Forces Transmitted 
The forces t o  t h e  bearings and support system can be found w i th  ease 
once t h e  bearing and support amplitudes a re  computed. The fo rce  t o  the  
bearing i s  expressed as: 
= (k x.  + c  A Bear i ng xx J xx j 
+ (k y + cyYaj 




Z19 = k / (m2w2) 
XY 
220 = cxV/(m2u) 
-t + c p.11  
+ kxyYj xy j 
+ k  x + c  
YX YX 
C5.247 
def ined (corresponding t o  c r code) : 
I .  
This can a l s o  be expressed by t h e  component forces i n  terms of  the 
amp1 i tudes o f  t h e  formulat ion o f  page 1471 
= (213 . E + 214 F + ZI9 G + 220 H I  C O S ( w t )  
‘BX 
+ (213 F - 214 E + 219 H - 220 GI sin(wI-1 C5.261 
= (217 G + 218 H + 221 * E + 223 F )  cos(wt> 
+ (217 H - 218 G + 221 F - 223 E) s i n h t )  C5.271 
‘BY 
o r  
f, - FBA cos(T) + FBB s in(T)  







2 .  nB = FBA2 + FBB + FE2 + Fa BB = F ~ ~ F ~ ~  - F ~ ~ F ~  
YB = F~~ + FBB2 - (FBCGFBD2) ; 6, = F w F E  + FBBFa 
and t h e  major and minor semi-axis can be found by equations s i m i l a r  t o  
the  equations f o r  amplitudes of m t i o n .  
The support forces may be found by de f i n ing  the  fo l  lowing var iables.  
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-- ‘lY - 216 - Z l l ,  - -  
a 
k l x  c1x - 212, -=  k l Y  215, - -  
a 
C5.321 f 9 1 ) ~  
-b -% 
Fs = (211 XI + 212 ;la)i + (215 y1 + 216 
= (211 K + 212 L) coswt + (211 L - 212 K) s in (w t )  Fsx 
= FSA coswt + FsB s inwt  c5.331 
= (215 0 N + 216 P I  coswt + (215 P - 216 N) s in (wt )  




ns = FSA 2 + FsB2 + Fsc2 + FsD2; Bs = F F - F F 
SA SD SB SC 
and t h e  so lu t i on  may be obtained i n  terms o f  t h e  e l l i p t i c  cha rac te r i s t i cs  
as before. 
The previous equations f o r  forces g ive  expressions which have units 
o f  length. 
t h e  unbalance loading for  a r i g i d  rotor. Then 
A t r a n s m i s S i b l l i t y  may be defined as t h e  fo rce  d iv ided by 
maxi mum force  t o  bear i ng + unbalance load TRB = aFB x 2/EV = E5.357 
where 
a = major semi-axis f o r  t h e  force expression. FB 
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Likewise 
TRS = aFS x 2/Ep C5.361 
For a I inear system t h e  dead weight component may be removed from 
the  so lu t ions  wi thout  e f f e c t i n g  t h e  r e s u l t i n g  t r a n s m i s s i b i l i t y  solut ions.  
I t must be remembered t h a t  t h e  system weight must be added t o  the  above 
forces t o  g ive  t h e  t r u e  loading values. 
5.4 Transient Analysis 
5.4.1 Equations f o r  Transient Solut ion 
The equations of motion as presented i n  Section 5.3.1 a r e  e a s i l y  
solved i n  terms of accelerat ion.  The l i n e a r  equations may then be 
solved f o r  t h e  t ime- t rans ient  so lu t i on  by in tegra t ion  using any o f  
several standard procedures avai l ab le  f o r  d i g i t a l  computer simulation. 
The program SMFROLS developed for t h e  t rans ien t  so lu t i on  i s  given i p  
Appendix E. Since the  equations are l i nea r  t h e  so lu t i on  i s  obtained 
very qu i ck l y  as compared t o  an analys is  inc lud ing nonl inear f l u i d - f i l m  
bearings. 
The so lu t i on  may be obtained i n  terms o f  m i l s  and dimensionless t ime 
(ut) by the  fo l low ing  transformat lon.  Le t  
where d C IQOOx) i =  dT , T = ut  
w i th  s i m i l a r  expressions f o r  t h e  y-coordinate var iables.  
equations are: 




5.4.2 Time Transient Whirl O rb i t s  
Consider t h e  fo l low ing  example r o t o r  system. 
Example 5.1 
Rotor Weight = W2 = 675 lb.  
Journal Weight = W = 312 Ib. 
Support Weight = W1 = 50 Ib. 
j 
Bearing Character is t ics :  
= 1,287,000 Ib / in .  
= 1,428,000 Ib / in .  
= 1,200 Ib.-sec./in. 
C = 1,290 Ib.-sec./in. 





K1, = K l y  = 130,000 Ib./ in. 
C1, = C l y  = 150 Ib.-sec./in. 
t5.421 
The Shaft s t i f f n e s s  i s  280,OOQ Ib./ fn. f o r  th.; example. 
symmetrical bearing cha rac te r i s t i cs  given are t yp i ca l  fqr a r o t o r  o f  
t h i s  weight. 
RPM and 3647 RPM f o r  t he  x and y coordinate d i rec t l ons  respect ively.  
The an - 
The c r i t i c a l  speeds f o r  r i g i d  support housings are 3630 
t a t e  so I u t  ions were ca I cu I ated 
mputer code and t h e  steady-state 
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s t a r t  i ng cond i 
probe detect ing a mark 
o r b i t s  (le., rotor, j o u  
of approximately 30' a t  t h e  speed of 1806 RPM (Fig. 
ser ies  of o r b i t s  a t  3600 RPM ind ica te  phase s h i f t s  o f  near ly  180' which 
ind ica te  t h a t  t h e  rotor system inc lud ing  t h e  support has passed through 
i t s  f i r s t  c r i t i c a l  speed (see Fig. 5 ,6(a) ,~b) , (c) ) .  The l a s t  ser ies  
o f  steady-state o r b i t s  (Fig. 5.7) a t  18000 RPM ind ica te  t h a t  the  absolute 
rotor motion phase remains a t  180'. The journal  r e l a t i v e  motion phase 
i s  approximately 280' whi le  t h e  absolute motion phase i s  c lose  t o  350'. 
The support motion has a phase s h i f t  o f  360' a t  t h i s  speed o f  18,000 
RFM. It i s  noted t h a t  t h e  rotor amplitude i s  approximately equal t o  
t h e  unbalance eccent r i c i t y ,  EU = e = 5 mi ls .  v 
The maximum force  encountered dur ing t h e  corresponding cyc les o+ 
motion has been indicated on t h e  previous ser ies  o f  f igures.  The 
absolute rotor motion o r b i t  has t h e  unbalance force, FU indicated. The 
fo rce  t ransmi t ted t o  t h e  bearing I s  indicated on t h e  journal  motlon 
o r b i t s  as TRDB. The t ime of  the  maximum force  Is indicated i n  parentheses 
fo l low ing  the  value of  TRDB. 
sypport i s  l i kewise  indtcated on t h e  support motion p lo ts .  For reference 
The maximum force  t ransmi t ted t a  the  
























The system Is h igh ly  unstable under these condi t ions.  The journal  motion 
given i n  Fig. 5.9(a) ar;d 5.9(b) ind icate the  same i n s t a b i l i t y .  The 
maximum force for the  motion Is given as 0.33 of the unbalance loading 
t o  t h e  bearing. 
I f  the  r o t o r  system i n  the  previous r i g i d  support o r b i t s  has a 
damped f l e x i b l e  support of  s t i f f n e s s  130,000 I b / i n  and damping o f  
300.0 Ib-sec/in t h e  r e s u l t s  a re  shown i n  Fig. 5.10. The m t i o n  indicates 
t h a t  t he  support has absorbed t h e  i n s t a b i l i t y  and would reduce t o  
c i r c u l a r  synchronous motion a f t e r  t he  i n i t i a l  t r ans ien ts  have decayed. 
Fig. 5.11 represent t h e  system motion f o r  a reduced support damping 
and increased in ternal  damping CI = 132 Ib-sec/in, The unbalance level 
was reduced and t h e  motion was s tar ted from steady-state condi t ions by 
an i n i t i a l  v e l o c i t y  per turbat ion on t h e  r o t o r .  The i n s t a b i l i t y  i s  
observed t o  begin i n  t h e  support system and would eventual ly d r i v e  the  
absojute r o t o r  motion f o  an unstable whi r l  o r b i t .  
The computer code SMFROLS can be used as an addi t ional  check on 
t h e  program MODELJ developed i n  Chapter I I .  The same r o t o r  system as 
Example 5.1 w i l l  be used t o  compare t h e  r e s u l t s  o f  t he  two programs. 
For a rotor speed o f  10,000 RPM and an unbalance o f  0.500 m i l s  the  
rotor absolute motion i s  shown i n  Fig. 5.12(a) for ten  cyc les o f  motion, 
The unbalance load I n  958.73 Ib .  as Indicated on t h e  f i g u r e  heading. 
The corresponding journal  motton i s  given i n  Flg. 5.12(b) where the maxi- 
mum force t ransmit ted t o  the bearing support i s  indicated t o  be 314 lb. 
This i s  ca lcu lated from t h e  dynamic t r a n s m i s s I b i l I t y  f ac to r  as fo l lows: 






The force occurs a t  0.76 cyc les o f  motlon as indicated i n  parentheses 
fo l low ing  the  TRDB factor .  
The same r o t o r  system was programmed for  the  rnulti-mass f l e x i b l e  
r o t o r  program aAd the  r e s u l t s  o f  the  ca lcu lated o r b i t s  a re  given i n  
Figs. 5.13(a) and 5.13(b). for  f i v e  cyc les  o f  motion. 
s i m i l a r  t o  Figs. 5.12(a) and 5.12(b) for the  f i r s t  f i v e  cycles o f  motion. 
The o r b i t s  are 
The maximum force t o  the  bearings Is predicted by MODELJ t o  occur dur ing 
the  f i r s t  cyc le  of motion and i s  given as 290 Ib.  f o r  each bearing (see 
Table 5.1). Th is  represents an 8% der iva t ion  i n  the  two program on the  
maximum forces calculated. This  i s  due t o  t h e  f a c t  t h a t  the  0.5 m i l  
eccen t r i c i t y  i s  equivalent t o  5.4 oz-in unbalance. The o r b i t s  o f  
Figs. 5.13(a) and 5.13(b) were produced from an unbalance level  o f  on ly  
5 oz- in and expla ins the  s l i g h t  d i f fe rence i n  the  o r b i t s  and forces. 
A s i m i l a r  comparison i s  now made f o r  the  f lex ib le ,  damped support 
system having support sl- i f fness of 130,000 I b / i n  and 300.0 Ib-sec/in 
damping. The absolute ro tor ,  journal ,  and support motion ca lcu lated 
by SMFROLS are  given i n  Figs. 5*14(a), (b), (c) .  The dashed I lnes in  
Fig. 5.14(b) represents t h e  journal  absolute motion whi le  the  s o l i d  l i n e  
i s  t h e  r e l a t i v e  motion. The maximum bearing force t o  each bearing i s  
F = TRDB x FU/2 = 958.473 x 0.402/2 = 193 Ib. 'ma x 
The support force Is 
F = TRDS x FU/2 = 958.473 x 0.429/2 = 206 I b .  
smax 
The orbits produced by t h e  program MODELJ w i th  unbalance level o f  5.4 
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TABLE 5.2 ROTOR SPECIFICATIONS FOR UNBALANCE RESPONSE ON 
FLEXIBLE,  DAMPED SUPPORTS IYDICATING MAXIWM FORCE 
TO BE4RING AND SUPPORT HOUSINGS 
173 
of SMFROLS. 
forces ca lcu lated and ind icates the,maxImum force t o  each bearing t o  be 
190 Ib. and t h e  maximum force  t o  t h e  supports i s  indicated t o  be 210 Ib.  
This excel lent  agreement o f  t he  two programs indicates t h a t  t he  theory 
of Chapter II produces r e s u l t s  which are  accurate and acceptable f o r  
Table 5.2 ind icates very good agreement w i th  the  maximum 
study o f  ccmplex r o t o r  support systems. 
5.5 S t a b i l i t y  Analysis o f  the  Three Mass Rotor With Aerodynamic 
Cross Coupling and In ternal  F r i c t i o n  
I f  t t  ) r o t o r  analyst  i s  p r i m a r i l y  concerned w i th  t h e  design of 
f l e x i b l e  support systems t o  promote s t a b i l i t y  and f o r  t he  at tenuat ion 
o f  t he  r o t o r  ampl-itude and forces t ransmi t ted due t o  unbalance, it would 
be d i f f i c u l t  t o  u t i l i z e  the  t rans ien t  o r b i t  program for t h e  so lu t i on  o f  
t h e  optimum support parameters.' For example, i n  the  case of the  r o t o r  
i n  Example 5.1 w i th  in te rna l  f r i c t i o n  it would be des i rab le t o  know t h e  
range o f  t h e  permissible values of  the  support system s t l f f n e s s  and 
damping t h a t  may be incorporated for optimum performance. I t  i s  d i f f i c u l t  
t o  determine from the  observation o f  t he  o r b l t s  o f  Figs. 5.10(a) and 
I b. -sec ./ i n. respect ive I y 
whether the  support 
d be extremely expensive 
and t ime consuming t o  develope t h e  necessary ser ies o f  r o t o r  o r b i t s  f o r  
a l l  t h e  ranges o f  var iab les required f o r  the  desired resu l ts .  
develop s t a b i l l t y  
on r o t o r  stab1 I l t y .  
damping and 
b i l i t y ,  in te rna l  
5.11(a) f o r  support damping values o f  300 and 150 
whether the  optimum damping i s  higher o r  lower or  
s t i f f n e s s  should be reduced o r  increased. I t  wou 
f o r  t h i s  reason it i s  the re fo r  des i rab le to  f i r s t  
maps showing the  re la t i onsh ip  o f  t he  var ious var iab les 
Variables of i n t e r e s t  would cons is t  o f  support housing 
f l e x i b i l i t y ,  bearing charac ter ls t i cs ,  rotor sha f t  f l e x  
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damping, and aerodynamic e f fec ts .  The s t a b i l i t y  analys is  f o r  t he  l i nea r  
system i s  i den t i ca l  t o  t h e  analys is  t h a t  w i l l  be presented i n  Chapter V I  
f o r  t h e  s t a b i l i t y  study o f  t h e  nonl inear squeeze damper. 
code SDSTB o f  Appendix F may be programmed f o r  given bearing and support 
cha rac te r i s t i cs  and hence may be used t o  develope s t a b i l i t y  char ts  f o r  
t h e  given r o t o r  bearing system. 
The computer 
For example consider t h e  e f f e c t  o f  t he  damped support on the  
suppression of aerodynamic i n s t a b i l i t y  as shown i n  Fig. 5.16 which has 
the  value of t he  rea l  p a r t  o f  t h e  major r o o t  p lo t ted  versus t h e  support 
damping f o r  var ious values o f  support s t i f f ness .  
t h i s  example i s  noted t o  be 15 Ib .  w i th  t h e  o ther  var iab les remaining 
the  same as given for Example 5. I .  This p l o t  i s  for a r o t o r  speed o f  
10,000 RPM and an aerodynamic cross-coupling of 20#JQo Ib. / in.  
f i gu re  ind icates t h a t  there  i s  a d e f i n i t e  value of support damping t h a t  
w i l l  promote s t a b i l i t y  for a given support s t i f f ness .  For example 
a damping o f  500 lb-sec/in. would be optimum f o r  the  support s t i f f n e s s  
of 50,009 Ib/in. As t h e  support s t i f f n e s s  increasesthe required optimum 
damping a lso  increases and the  system becomes less s tab le  f o r  the  
increased support s t i f fness .  I f  the  support system loses t h e  damping 
then t h e  r o t o r  system i s  e a s i l y  drJven unstable as indicated on the  
left-most po r t i on  of the  s t a b i l i t y  map. 
The support mass f o r  
The 
The importance of  t he  tuned support damping is even more evident 
for t h e  increased level  of cross-couplfng given I n  Fig.  5.17. It i s  
noted t h a t  t he  range of damping t h a t  w i l l  promote s t a b i l i t y  has been 
reduced considerably +ram a range o f  100 t o  10,000 f o r  t he  lesser 
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leve l  of aerodynamic exc i ta t ion .  The s t i f f e r  support systems are 
indicated t o  be unstable regardless o f  t he  damping chosen f o r  t he  
support system for t h e  case of t h e  higher aerodynamic cross-coupling. 
A t  t h i s  p o i n t  i n  t h e  analysts  t h e  t rans ien t  program could be used 
t o  es tab l i sh  t h e  e f f e c t  o<f unbalance and external  shock loads t o  t h e  
support system. The t rans ien t  analys is  becomes of  even greater importance 
when nonl inear system are being analyzed f o r  s t a b i l i t y  by l i n e a r  
approximations. These nonl inear systems may e x h i b i t  s t a b i l i t y  f o r  small 
pertubat ions but  may a l so  g i ve  large sustained wh i r l  o r b i t s  f o r  suddenly 
appl ied unbalance and impact loads. The nonl inear damper w i l l  be 
discussed i n  greater  d e t a i l  i n  t h e  fo l low ing  Chapter. 
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CHAPTER V I  
MULTI-MASS FLEXIBLE ROTOR WITH NONLINEAR 
SQUEEZE DAMPER SUPPORTS 
This chapter w i l l  introduce t h e  nonlinear squeeze damper support 
system i n t o  t h e  model analyzed ‘rn Chapter I V  w i th  t h e  added feature o f  
a l lowing f o r  r o t o r  s h a f t  f l e x i b i l i t y .  Thus t h e  model o f  t h i s  chapter 
w i l l  be c lose r  t o  rea l  l i f e  machine performance than t h e  l i n e a r  model 
of t he  previous chapter. The inc lus ion o f  nonl inear elements i n  the  
t rans ien t  analys is  can be very t ime consuming unless approximate 
s tab i  I i t y  boundaries are known. 
s t a b i l i t y  o f  t h e  r o t o r  model described i n  Sectlon 6.1 was developed 
and w i l l  be discussed i n  connection w i th  a t ime t r a n s i e n t  program f o r  
the same model .  
A computer code t o  determine t h e  
6.1 Explanation of the  Rotor Bearing Model 
The rotor-bear ing system shown i n  Fig. 6.1 represents a th ree  
mass symmetric f l e x i b l e  r o t o r  supported by journal  bearings suspended 
i n  squeeze damper houstngs. The analys is  w i l l  no t  consider t h e  
gyroscopic ac t i on  o f  t he  r o t o r  d i s k  and hence the  problem may be 
reduced t o  the  study of  motion i n  a plane. 
f l u i d - f i l m  bearing have been discussed i n  Chapter I V  and w i l l  be 
used t o  model the bearfngs i n  the  present analysis.  The squeeze 
damper supports w t l l  be derived from t h e  same analysis.  Fig. 6.2 
indicates the  cav i ta ted bearSng model and the  f l u i d  f i l m  damper recess. 











The bearing ring has an anti-rotation pin and is suspended by assumed 
linear retainer springs which may have unequal stiffness characteristics 
for the two coordinate directions. 
6.2 Equations of Motion 
The equations of motion of a symmetric two bearing rotor may be 
written in terms of the following coordinates. 
x2,y2 - absolute displacement of rotor mass, m2 
'J 'yJ 
'bPYb 
- absolute journal displacement 
- bearing bush motion 
The equations are easily derived considering linearized stiffness and 
damping terms to model the hydrodynamic bearings and squeeze bush. A 
simple force balance and inclusion of the internal friction components 
and cross coupling expressions at the rotor station produces the 
following equations. 
Rotor Mass : 
+ C 22 + Q = m2e 1.I w2cos(wt + 42) 
S Y2 ( 6 .  I )  
(6.2) 
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Journa 1 Bear i ngs : 
These equations are bas i ca l l y  t h e  same as those presented i n  the  
previous chapter. The d i f fe rence i s  due t o  t h e  absolute coordinate 
chosen t o  describe t h e  journal  motlon. The methods of ob ta in ing  the  
bearing cha rac te r i s t i cs  have been discussed i n  Chapter I v  and the  
squeeze damper cha rac te r i s t i cs  w i l l  be presented i n  the  fo l low ing  section. 
6.3 Stabi I i t y  Analysis 
Manufacturers a re  present ly  i n s t a l l i n g  f l o a t i n g  squeeze damper 
supports i n t o  t h e i r  h igh speed machines. Tanaka and Hori (89 )  have 
recent ly  reported on t h e  s t a b i l i t y  o f  the  spinning f l o a t i n g  bush 
damper. They included rotor sha f t  f l e x i b i l i t y  but  excluded t h e  journal  
mass from t h e  analysis.  Several curves were presented showing t h a t  regions 
of i n s t a b i l i t y  could be passed through as r o t o r  speed increased. 
Experimental r e s u l t s  were presented and t h e  agreement w i th  t h e  ana ly t i ca l  
r e s u l t s  was sa t is fac to ry .  
The major conclusions o f  Tanaka-Hori may be summarized as f o l  ows: 
( I  1 F loa t i ng  bush damper bearings are  super ior  t o  cy1 indr ica  
bearings due t o  the  damping e f f e c t  i n  t h e  bush. 
(2) S t a b i l i t y  i s  genera l ly  improved when 
a )  the  s h a f t  i s  s t i f f e r  
b )  large f l o a t i n g  bush rad ius 
c )  large bush clearance 
d )  smal I L/D r a t i o s  
e )  small o i l  supply p r e s s u r e k  a l low c a v i t a t i o n  
(3 )  The s t a b i l i t y  c r i t e r i o n  i s  complicated and a p a r t i c u l a r  
case must be checked t o  assure best design. 
As ear l y  as 1958 H i l l  190) reported on t h e  improved performance 
o f  small gas tu rb ines  running a t  36,000 RPM by using s l i ppe r  bearings 
which ac tua l l y  introduced a damped support system i n t o  the  bearing 
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conf igurat ion.  Dworskie (91) l a t e r  reported successful use of f l o a t i n g  
sleave bearings i n  a 44,000 RPM gas generator. 
I n  1968 Orcut t  and Ng (92) presented steady-state and dynamic 
proper t ies of  p l a i n  c y l i n d r i c a l  f l o a t i n g  r i n g  bearings but  t he  
equations were reduced by t h e  assumptlon of  synchronous motion which 
l i m i t s  the  v a l i d i t y  of these r e s u l t s  s ince f rac t i ona l  frequency wh i r l  
i s  t o  be expected i n  the  f l u i d - f i l m  bearings. Experimental t e s t s  
indicated several d i f f e r e n t  types o f  i n s t a b i l i t i e s  were possible. The 
journal  was usua l ly  t he  source o f  i n s t a b i l i t y  but  a t  t imes t h e  ou ter  
f i l m  was unstable whi le  the  inner f i l m  was stable. One conclusion 
reached was t h a t  t he  amplitude o f  t he  i n s t a b i l i t y  was more important 
than a ca lcu lated s t a b i l i t y  threshold speed since low-level wh i r l i ng  
could be to le ra ted  i n  any given app l ica t ion .  
The present analys is  
spinning journal  de r i v ing  
act ion.  Considering a pu 
d i r e c t i o n  the  p o s i t i v e  f i  
For a p o s i t i v e  x v e l o c i t y  
indicated i n  Fig. 6 . 3 ( t ) .  
w i l l  consider the  damper bearing as a non- 
damping on ly  from t h e  f l u i d  f i l m  squeeze 
e squeeze ac t i on  f o r  a v e l o c i t y  i n  the  +y 
m extent  i s  from 0 t o  n as shown i n  Flg. 6.3(a). 
t h e  p o s i t i v e  f i l m  extends f r o m d 2  t o  n/2 as 
The expression f o r  t he  force i s  obtained 
from Eq. 4.1 for the  case o f  u = 0.0. 
j 
D i f f e ren ta t i on  of t h i s  equatlon produces t h e  damping c o e f f l c i e n t s  




I t  is o f  i n t e r e s t  t o  note t h a t  McGrew (93) has derived a damping 
expression f o r  c i r c u l a r  synchronous' precession (shor t  bearing so lu t i on  
using r o t a t i n g  coordinates) wnich i s  expressed as 
c6.127 
Also by assuming k = EW cos(wt) a pseudo s t i f f n e s s  term may be derived 
and i s  given by 
c6.131 
The r e s u l t s  o f  t h e  computer ca lcu lated damping c o e f f i c i e n t s  are 
presented I n  Fig. 6.4(aI along w i th  po in ts  ca lcu la ted  from the  expression 
derived from McGrew's analysis.  The c i r c u l a r  synchronous damping values 
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are  observed t o  equate to c whi le  t h e  s t i f f n e s s  term i s  a c t u a l l y  a 1 xx 
cross coupled damping fo rce  as it must be since t h e  damper can i n  no 
lnstance develop a s t i f f n e s s  i n  t h e  absolute sense. 
Figures 6.4(b) and 6 . 4 k )  ind ica te  t h a t  preloading t h e  damper 
produces damp i ng expressions t h a t  a re  converg i ng t o  equ i va I en t  va I ues 
for the  two coordinate d i rect ions.  
des i rab le when t r y i n g  t o  design a tuned support system for optimum 
performance. 
This  c h a r a c t e r i s t i c  may be very 
Figure 6.5 i l l u s t r a t e s  t h e  e f f e c t  of the  add i t iona l  pseudo s t l f f -  
ness term on the  r i g i d  r o t o r  supported by a damper bearing w i th  re-  
t a i n e r  spr ing ra tes  of 5772 Ib / in .  
t he  zero speed sag o f  t he  reta iners.  
t h e  journal  l i f t s  up from t h e  steady-state balanced equ i l ib r ium 
pos i t i on  and has a s tab le  wh i r l  o r b i t  due t o  the  unbalance level  of 
0.08 of the  clearance. 
be considered when deslgning rea l  machines which do have unbalance. 
The add it iona I psudo s t  I f f ness (damp i ng) con t r  but  Ion cou I d sh i ft The 
operat ing condi t ions w i th  unbalance i n t o  a reg on where aerodynamic 
exc i ta t i on  could d r i v e  the  system and produce arge unstable wh i r l  
o rb  i ts .  
The i n i t i a l  cond i t ion  was given f o r  
A t  t he  running speed o f  9500 RPM 
This  l i f t  of t h e  nonl inear f l u i d  damper must 
Once the  damping expressions for the  f l o a t l n g  bush and journal  
cha rac te r i s t i cs  a re  known t h e  s tab i  I i t y  analys is  is e a s i l y  programmed 
on a d i g i t a l  computer. 
Assuming so lu t ions  of t h e  form 
xi = Alext; i = 1,6 c6.141 
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N = 9!jlN RFM 
R = .  1.20 IN. 
L = 1.OE IN. 
c = 9.m IIILS 
TRSMRX = 1.19 
Ki3X = 5772 @/IN 
EMU = 0.08 
SU =’ 1.332 
THDMFiX = .a62 
XT = 1.013 
kl = 28 LE. 
MUnS = 1.030 REYNS 
FMAX = 3 . ‘t LB. RND 
KRY = 5772 L W S N  
F’;1 = 50.71 LB. 
FURRTIO = 1.89 
ESU= 0.200 
&XURS A i  1.89 CYCLE 
FIG. 6 . 5  SQUEEZE DAMPER UNBALANCE RESPONSE FOR BIGlD ROTOR 
AND RIGID BEARINGS (N=9,500RPM, W=28LB, C=9?4ILS, EMU=O.OS) 
where 
i = I corresponds t o  x p  
i = 2 corresponds t o  y2 
i = 3 corresponds t o  xJ 
i = 4 corresponds t o  yJ 
i = 5 corresponds to  xb 
1 = 6 corresponds t o  yb 
The homogeneous equations o f  motion may be examined f o r  s t a b i l i t y  by 
determining t h e  so lut ions of  t he  c h a r a c t e r i s t i c  equation and examining 
the  real  p a r t  f o r  a p o s i t i v e  value. 
obtained by expanding the  determinant given on the fo l lowing page. 
A computer code SDSTB has been developed t o  ca r ry  o u t  t h e  
The c h a r a c t e r i s t i c  equation can be 
necessary operations t o  determine the  s t a b i l i t y  of  a given rotor-bearing 
system. 
Appendix F. 
A l i s t i n g  and explanation of the  required input  i s  given i n  
To demonstrate t h e  c a p a b i l i t y  o f  t he  program consider the fo l l ow ing  
example case study. 
Example 6.1 
Rotor weight - 40 Ib. 
Journal weight - 5 Ib.(each) 
Bush we i ght  - 2.5 Ib.(each) 
Journal clearance - 5 m i l s  
Journa I radius - I in. 
Journal length - I in. 
v i scos 1 t y 
Radius o f  bush - 1.2 in. 
- 1 x 10-5 reyns 
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The bush clearance was var ied f r o m  5 t o  30 m i l s  f o r  each o f  two 
shaf t  s t i f f n e s s  values of 5,000 and 500,000 I b l i n .  
values o f  1.6 and 0.016 respect ive ly .  
These produce 6/c 
The r e s u l t  from Ruhl's analys is  
(40) o f  the  f l e x i b l e  r o t o r  on shor t  journal  bearings i s  shown i n  Fig.  
6.6 f o r  reference. Comparing t h e  above values of 6/c t o  the  f l e x i b l e  
r o t o r  s t a b i l i t y  cha r t  of Ruhl t h e  s t a b i l i t y  o f  the f l e x i b l e  r o t o r  (6/c = 
1.6) should be lowered considerably from t h a t  o f  a r i g i d  ro to r .  
The r e s u l t s  o f  t he  ana lys is  i s  given i n  Fig. 6.7 where the s t a b i l i t y  
boundaries f o r  both sha f t  s t i f f n e s s  values are p lo t ted .  For a bush 
clearance o f  5 m i l s  t h e  s t a b i l i t y  o f  t h e  f l e x i b l e  shaf t  i s  indeed_ 
considerably reduced from t h e  r i g i d  r o t o r  values. This  i s  as predicted 
by Ruhl. As t he  bush clearance i s  opened up the  s tab i  I i t y  boundary 
increases f i r s t  for t h e  f l e x i b l e  sha f t  and then f o r  t he  r i g i d  shaf t .  
For a clearance o f  12 m i l s  t he  s tab i  I i t y  boundary has increased from 
== (1.0, 2.54) t o  (8.0, 13.0) respec t ive ly  f o r  d/c = (1.6, 0.016). 
As t he  clearance increases t h e i r  i s  a lower region o f  i n s t a b i l i t y  which 
w 
J 
can be passed through To a region of s tab le  operation. 
speed increases t h e  wh i r l  reduces from 0.50 t o  0.25 a t  17 m i l s  and 
As the  r o t o r  
encounters another i n s t a b i l i t y  o f  wh i r l  frequency of approximately 0.50 
as predicted by t h e  s t a b i l i t y  program. As t h e  clearance i s  opened 
f u r t h e r  the  lower i n s t a b i l i t y  region increases I n  width and f i n a l l y  
converges w i th  t h e  upper i n s t a b i l i t y  boundary a t  higher bush clearance 
values (" 28 m i l s  for  6/c = Ii6). This p l o t  was developed by keeping 
t h e  re ta ine r  spr ing  r a t e  f i x e d  and increasing the  bush clearance. This 



















of course produces r e s u l t s  which vary from an analys is  t h a t  has t h e  
bearing always centered i n  t h e  bush clearance. 
This  phenomenon of passing through regions o f  i n s t a b i l i t y  w i th  the  
damped supports has been reported i n  the  l i t e r a t u r a  for  experimental 
r e s u l t s  (54,741 and increases t h e  s ign i f i cance o f  t h i s  ana ly t i ca l  simula- 
t i o n  resul ts .  
c e r t a i n  boundaries shown i n  Fig. 6.7 w i l l  be presented and discussed I n  
t h e  fo l low ing  section. 
The r e s u l t s  of a t ime t rans ien t  computer code t o  v e r i f y  
6.4 Transient Behavior o f  a Rotor Supported i n  a F loa t ing  Bush Damper 
The equations o f  motion inc lud ing t h e  nonl inear journal  bearings 
and squeeze bush damper fo rce  evaluat ions have been programmed f o r  
v e r i f i c a t i o n  o f  the  s t a b i l i t y  program SDSTB. This computer code, TMASSNL, 
which ca lcu la tes  and p l o t s  t h e  t rans ien t  so lu t i on  i s  given i n  Appendix G. 
The equations programmed were w r i t t e n  i n  terms o f  journal  r e l a t i v e  motion 
fo r  t he  t rans ien t  so lu t ion  and are ident ica l  t o  Eqs. 5.37-5.42. The 
program has an op t ion  t o  use e i t h e r  a 4th order  Runge -Kutta o r  an Euler 
in tegra t ion  technique. The type in tegra t ion  chosen determines the  step 
s ize  necessary for  a r e a l i s t i c  whi r l  o r b i t .  
depends on t h e  loading, rotor s i ze  (weight) and s t i f fness ,  and the  type 
support chosen fo r  the  simulat ion. As the  number o f  degrees o f  freedom 
increases the  step s ize  genera l ly  must be decreased t o  insure a v a l i d  
so lut ion.  
The step s i ze  required 
Several cases have been computed t h a t  were chosen t o  v e r i f y  t h e  
s t a b l l  i t y  map o f  Fig. 6.7. 
w i th  a bush clearance of 17.5 mi ls .  From Fig. 6.7 t h e  system upper 
Cons’ider f i r s t  t he  r i g i d  r o t o r  (6/c = 0.016) 
s t a b i l i t y  bound i s  a t  us = 12.3 or 32,000 RPM for our  system. 
6.8(a), (b), (c) ind icates two cycles o f  motion a t  29,000 RPM o f  the  
absolute rotor, journal  re la t l ve ,  and support motion respect ively.  The 
system was s ta r ted  near the  steady-state equ i l ib r ium posi ion and the  
journal  r e l a t i v e  motion i s  approximately a half-frequency whi r l  and the  
damper is moving i n  a non-circular path as indicated i n  F g. 6.8(c). The 
next ser ies o f  f igures  cont inue the  motion for  cyc les 2-5 and ind icates 
t h a t  t he  rotor motion Is n e g l i g i b l e  (Fig. 6.8(d))while the  journal  
r e l a t i v e  motion i s  s t i l l  wh i r l i ng  but  decreasing as indicated by t h e  o r b i t  
o f  Fig. 6.8(e). The damper motion (Fig. 6.8(d))also ind icates the  motion 
i s  tend i ng toward a stab I e mode of  response. 
Fig. 
For a r o t o r  speed of 37,000 RPM the  response for  f i v e  cyc les i s  
given by Fig. 6.9(a) - ( f ) .  The rotor s t i l  I shows a very smal I amp1 i tude 
i n  comparison t o  t h e  journal  r e l a t i v e  motion which i s  indeed unstable 
and s p i r a l s  o u t  i n  cyc les two through f i v e  a t  an average wh i r l  o f  0.50. 
The damper motion i s  a l so  observed t o  wh i r l  a t  large amplitudes as compared 
t o  t h e  motion a t  29,000 RPM. 
I f  the  bush clearance i s  reduced t o  I O  m i l s  t he  s t a b i l i t y  map indlcates 
the  system should be unstable. 
motion and ind ica te  t h a t  t h e  journal  r e l a t i v e  motion has a sustained 
c i r c u l a r  wh i r l  o f  0.50 whi le  the  rotor motion i s  very smaII\ and the  
damper motion has non-clrcular motion but  s i m i l a r  t o  the  s tab le case of 
Fig. 6.8. I t  must be remembered t h a t  t he  s t a b i l i t y  c h a r t  indicates t h e  
s t a b i l i t y  a t  !'a point". 
pos i t i on  changes and so does the  s t a b i l i t y  of t h e  system for cases near 
the  threshold speed. However t h e  journal  r e l a t i v e  motion i n  Fig. 6.10(e) 
Figs. 6.10(a) - ( f )  g i ve  e igh t  cycles of 











does have a sustained wh i r l  even though t h e  l i m i t  cyc le  i s  very small, 
and v e r i f i e s  t h e  predicted i n s t a b i l i t y .  
When the  bush clearance i s  reduced t o  5 m i l s  t h e  same type l i m i t  
cyc le  motion for t h e  journal  i s  indicated i n  Fig. 6.11(b) and the  bush 
motion of  6.11(c) ind icates less s t a b i l i t y  than f o r  t he  I O  m i l  damper. 
To demonstrate how t h e  damper has Improved the  r o t o r  motion a r i g i d  
support case f o r  f i v e  cyc les o f  motion was computed (see Fig.  
The r o t o r  and journal  s p i r a l  outward I n  a very unstable wh i r l  o r b i t  a f t e r  
t he  i n i t i a l  drop o f  t h e  r o t o r  and l i f t  o f  t he  journal  t o  achieve the  
proper rotor- journa I fo rce  ba I ance. 
6.12). 
The f l e x i b l e  r o t o r  (6/c = 1.6) has t h e  same upper threshold as t h e  
The same speeds o f  29,000 r i g i d  r o t o r  f o r  t h e  larger  clearance values. 
and 37,000 RPM were run f o r  f ou r  cyc les beginning from t h e  end condi t ions 
o f  t he  r i g i d  r o t o r  case (p lus a s t a t i c  bow f o r  t he  f l e x i b l e  shaf t ) .  
These o r b i t s  appear i n  Fig. 6.13(d) - ( f )  wherd t h e  journal  r e l a t i v e  
motion i s  observed t o  go i n t o  the  half-frequency whi r l  above the  predicted 
threshold speed. The bush motion i s  considerably larger  than i n  t h e  r i g i d  
r o t o r  case but t h e  r o t o r  i s  noted t o  be seeking another pos i t i on  than t h e  
one given as a s t a r t i n g  condi t ion.  Fig. 6.14(a) and 6.14(b) ind icate the  
unstable journal  motion f o r  r i g i d  supports and the  f a c t  t h a t  t he  r o t o r  
motion has not  gone unstable dur ing these f i v e  cyc les of motion. 
damper support has improved t h e  response a great  deal as compared t o  t h e  
wh i r l  o r b i t  obtained on t h e  r i g i d  supports. 
I n  order t h a t  t h e  lower reg ion o f  i n s t a b i l i t y  could be v e r i f i e d  
The 
t h e  17.5 m i  I bush damper was tested. 
i n  Table 6.1 and t h e  informat ion i n  Table 6.2 indicates an unstable wh i r l  
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of 0.35 when t h e  running speed i s  4775 RPM. Th is  information was obtained 
from the  stab i I i t y  program SDSTB. 
a re  presented i n  Fig. 6.15(a) - ( i) where cyc les 0-2 were s ta r ted  from 
approximate steady-state cond i t ions  and show no large t rans ients .  Figs. 
6.15(d), (e), ( f )  f o r  cyc les 2-6 ind ica te  a large wh i r l  developing a t  
t h e  r o t o r  and support w i th  t h e  journal  loosing some of i t s  load capaci ty  
(Fig. 6.15(e))due t o  t h e  wh i r l  of t h e  bush as indicated I n  Fig. 6.15(f). 
Cycles 6 through IO i nd ica te  a sustained wh i r l  of t h e  r o t o r  and bush a t  
s l i g h t l y  over one-third as shown by t h e  t im ing  marks ( t h i s  was as pre- 
d ic ted  by SDSTB - Table 6.2). Note t h a t  t he  journal  r e l a t l v e  motion is 
actual  l y  very "stable" i n  t h i s  mode of  operat ion (Fig. 6.15(h))and i s  
thus t rack ing  o u t  t h e  same motion as t h e  bush damper le., 1/3 wh i r l  
r a t e  1. 
The t r a n s i e n t  program response p I o t s  
For a speed r a t i o  o f  4.52 (I2,OOO RPM) t h e  system i s  s tab le  as 
indicated by Fig. 6.7. The t rans ien t  response f o r  both a large i n i t i a l  
displacement o f  t h e  journa l  and a very small per tubat ion were ca lcu lated 
and are  given i n  Figs. 6.16 and 6.17. For a large per tubat ion t h e  damper 
response i s  not  r e a d i l y  reducing. The journal  decreases i n i t i a l l y  
(Fig. 6.16(b))but has a sustained l i m l t  c yc le  due t o  the  bush t r a n s i e n t  
motion. Fig. 6.16(k) ind icates t h a t  a f t e r  16 cyc les the  journal  r e l a t i v e  
motion i s  very s lowly  reducing I n  amplitude whereas t h e  r o t o r  and bush 
(support) motion has a r e l a t i v e l y  large motton. However these are  not  
i n  phase as they were for the  case of 4775 RPM (unstable cond i t ion) .  
Figs. 6.17(a).- ( f )  i nd ica te  e i g h t  cyc les o f  motion a t  12,000 RIW f o r  

















f o r  t h e  large per tubat ion but  t h e  bush damper and rotor a r e  g i v i n g  some 
i n i t i a l  motion. The motion would eventual ly  reduce t o  t h e  steady-state 
equ i l ib r ium pos i t i on  as predicted by the  s t a b i l i t y  analysis.  
The sustained t rans ien t  due t o  the  large pertubat ion i n  what should 
be a s tab le  system i s  t h e  greatest  drawback t o  squeeze damper design. 
This type o f  performance could be catast rophic  i n  an actual  r o t o r  system. 
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CHAPTER V I  I 
CONCLUSIONS 
7. I The mportance of Ana 
equipment t o  v e r i f y  t h e  design and performance o f  t h e i r  
t e s t  u n i t  may represent from $200,000 t o  i n  excess o f  a 
do l l a rs  i n  hardware and instrumentation. A s ing le  bear 
y t i c  Simulation 
Due t o  t h e  ease of manufacture and i n s t a l l a t i o n  o f  p l a i n  journal  
bearings i n  pumps, transmissions, and small motors, there  i s  need f o r  
t he  dispersion of informat ion on t h e  s t a b i l i t y  cha rac te r i s t i cs  and 
unbalance response o f  p l a i n  journal  bearings. P la in  journal  bearings 
operat ing under reduced-load condi t ions can e x h i b i t  large w h i r l i n g  and 
eventual f a i l u r e  o f  t he  bearing surface caused by the  c y c l i c  loading 
from the  wh i r l  i ng  journal .  Iso la ted journal  bearing Performance studies 
can produce t h i s  much needed s t a b i l i t y  data and unbalance response in -  
formation. 
Manufacturers o f  t u r b i n e  and compressors conduct t e s t  runs on actuai  
products . Each 
h a l f - m i l l i o n  
ng f a i  lu re  o r  
ro tor -shaf t  i n s t a b i l i t y  could destroy the  e n t i r e  t e s t  f a c i l i t y  i n  a matter 
o f  seconds i f the  u n i t  ma I func t ion  were not detected o r  t h e  worst case 
would be i f  the  t e s t  group could no t  recognize the  presence o f  t he  in-  
s t a b i l i t y  and i t s  eventual growth leading t o  a system f a i l u r e .  
The instrumentation necessary t o  observe t h e  r o t o r  sha f t  and housing 
motion i s  read i l y  ava i lab le  and e a s i l y  i n s t a l l e d  i n  e x i s t i n g  t e s t  r i gs .  
The complete sha f t  o r b i t  should be observed t o  prevent the  p o s s i b i l i t y  
o f  choosing the incor rec t  plane t o  observe the  greatest  motion. Systems 
having asymmetric bearing cha rac te r i s t i cs  may e x h i b i t  ins tab i  I i t y  i n  one 
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plane and s t a b i l i t y  i n  a plane a t  r i g h t  angles 
o f  t im ing  marks on the  r o t o r  o r  
sha f t  and a keyphasor probe i s  a l s o  o f  importan 
the  ra te  o f  wh i r l .  
t inguished i f  t im ing  marks are placed on t h e  wh i r l  o r b i t  t race. 
Subharmonic and superharmnic wh i r l  i s  e a s i l y  d i s -  
The a n a l y t i c  s imulat ion i s  important due to  the  f a c t  t h a t  con t ro l l ed  
e x c i t a t i o n  can be introduced i n  the  model and t h e  react ion observed from 
t h a t  i so la ted  exc i ta t ion .  Combinations o f  external  forces, unbalance, and 
in te rna l  damping can a lso  be studied under con t ro l l ed  condi t ions and 
t h e i  r response cha rac te r i s t i cs  observed. I n  an actua I system the  exact 
form of e x c i t a t i o n  might be very hard t o  determine and the  only  inforrna- 
t i o n  avai lab le  i s  t he  response o f  the  un i t .  The machi ne analyst  must be 
able t o  i n f e r  f r o m  the  performance o f  t he  machine the  l i k e l y  forms o f  ex- 
c i t a t i o n  and the  approximate magnitude. The eas iest  way t o  ob ta in  t h i s  
recogni t ion a b i l i t y  i s  by the  study of  t h e  con t ro l l ed  d i g i t a l  s imulat ion 
of accurate J y s i mp I i f i ed rotor-bear i ng mode 1 s. 
7.2 Summary o f  Major ResuJts and Conclusions 
This analysis has developed and presented resu l t s  o f  steady-state 
response, t rans ien t  simulation, and s tab i  I i t y  o f  r i g i d  and f l e x i b l e  r o t o r  
models. The t rans ien t  models developed included both l i n e a r  and nonl inear 
bearing and support charac ter is t i cs .  The resu l t s  and conclusions may 
be summarized as fo l lows: 
( I  1 NonI inear t rans ien t  analys is  o f  complex rotor-bear ing systems 
by d i g i  t a  I computat i by the  approach 
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(2) S imp l i f i ed  steady-state models of r o t o r  systems have been 
presented and may be used i n  t h e  design and analysis o f  r o t a t i n g  
equipment i n  add i t i on  t o  prov id ing i n i t i a l  condi t ions f o r  t he  
t r a n s i e n t  computer codes. 
(3 )  Simp l i f i ed  r o t o r  model t rans ien t  computer codes have been de- 
veloped t o  check t h e  major t r a n s i e n t  program of t h i s  analysis 
(MODELJ) and are themselves a valuable t o o l  t o  the  machine 
analyst  due t o  the  s i m p l i c i t y  o f  t he  input spec i f icat ions.  
(4 )  Transient s imulat ion i s  necessary t o  v e r i f y  t he  ra te  o f  growth 
of  i n s t a b i l i t i e s  i n  nonl inear systems as predicted by l i nea r i zed  
s t a b i l i t y  studies. 
The s t a b i l i t y  boundaries as given by Choudhury and Gunter (69) (5) 
f o r  t he  e l a s t i c  mounted p l a i n  journal  bearing have been v e r i f i e d  
by t r a n s i e n t  s imulat ion.  
(6) Unbalance was shown t o  be advantageous i n  v e r t i c a l  p l a i n  journal  
T h i s  was previously bearings having e l a s t i c  support structures.  
reported f o r  t h e  r i g i d  support v e r t i c a l  journal  bearing. 
Phase angle measurements may be used i n  add i t i on  t o  amplitude 
response t o  analyze machine performance. 
e l  l i p t i c a l  o r b i t s  can be re la ted  t o  c i r c u l a r  synchronous motion 
by graphical construct ion.  
(7) 
The t i m i n g  mark on 
(8) It has been demonstrated t h a t  it i s  f eas ib le  t o  use the d i r e c t  
expansion approach on a 6 x 6 quadrat ic determinant t o  deter- 
mine the  s t a b i l i t y  o f  several important r o t o r  models which had 
not  been reported i n  t h e  l i t e r a t u r e  by t h i s  approach t o  date. 
The key t o  t ime saving i n  the  ex ion i s  a zero check t o  
avoid many needless operations. 
(9) The phenomenon of passing through regions o f  i n s t a b i l i t y  has 
been demonstrated by t h e  s t a b i l i t y  analys is  of damper bearings 
and v e r i f i e d  by t rans ien t  s imulat ion.  
( I O )  I t  was shown t h a t  f l o a t i n g  bush dampers ind icated as s tab le i n  
l inear ized  s t a b i l i t y  c r i t e r i o n s  can have large sustained motion 
when large per turbat ions are imposed on the  system. 
( 1  I 1 Numerous examp l e  ro to rs  have been invest igated and i I I us t ra te  
t h e  versa t i  I i t y  o f  t h e  s imulat ion approach t o  design and 
diagnosis of machine fa i l u res .  
(12) Damped f l e x i b l e  supports can be used t o  increase the s tab le 
operat ing speed range of  high-speed rotors .  A proper ly  de- 
signed support reduces the  system t r a n s m i s s i b i l i t y  and maintains 
low level  response for  unbalance e x c i t a t i o n  i n  t h e  s tab le 
operat ing speed range. 
(13) Suppression of complex aerodynamic e x c i t a t i o n  can be studied 
for  e l a s t i c  mounted rotor-bear ing systems by the  s t a b i l i t y  
program developed f o r  t h e  f l o a t i n g  bush damper bearing. 
(14) Timing marks on s imulat ion o r b i t s  correspond t o  keyphasor 
t i m i n g  marks placed on actual machines and are exce l len t  
means o f  he lp ing  t o  i n t e r p r e t  t h e  r e s u l t i n g  o r b i t s .  
(15) The more complex t r a n s i e n t  programs are more useful for 
s i s  of  e x i s t i n g  machine designs and evaluat ion of proposed 
t i o n s  than for p ci ng extensive genera I 
design c r i t e r i a .  
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(16) Steady-state response informat ion w i l l  be essent ia l  f o r  large 
complex rotor s imulat ions t o  avoid c o s t l y  undesired t rans ien t  
behavior. Zero i n i t i a l  condi t ions m y  be acceptable f o r  impact 
unbalance s tud ies but  i n s t a b i l i t i e s  due t o  aerodynamic exc i ta -  
t ion ,  in te rna l  damping, and f l u i d - f i l m  bearings are best studied 
f r o m  steady-state i n i t i a l  condi t ions w i th  small pertubations. 
7.3 Suggest ions for  Future Research 
This analys is  has developed several computer codes f o r  the  s imulat ion 
o f  rotor-bear ing systems. Addi t ional  design c r i t e r i o n  can be produced 
from the  r o t o r  models presented and w i  I l be of extreme i n teres t  t o  t u r b  i ne 
and compressor manufacturers. 
as fo l lows:  
Some o f  the  areas t h a t  need extension are 
Extensive s tud ies o f  rotor accelerat ion rates on forces t rans-  
m i  t t e d  and t r a n s i e n t  response. 
Inc lus ion o f  skewed d i sk  e x c i t a t i o n  on the f l e x i b l e  r o t o r  
s imulat ion f o r  s tud ies o f  t r a n s i e n t  behavior. 
Analysis of coupled l a te ra l - t o rs iona l  mdes o f  v ib ra t i on  f o r  
t h e  f l e x i b l e  ro to r .  
Extensive s t a b i l i t y  maps produced showing t h e  e f f e c t  o f  damper 
supports on aerodynamic and in te rna l  f r i c t i o n  i n s t a b i l i t y .  
Stabi I i t y  and t rans ien t  response of  t h e  f l e x i b l e  rotor-bear ing 
system on closed-end pressurized damper supports. 
Ve r i f i ca t i on  o f  t h e  response cha rac te r i s t i cs  o f  t h e  damped 
support by cont ro l  led experimental models of f l e x i b l e  ro to r -  
bear i ng systems. 
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(7) V e r i f i c a t i o n  o f  the reduct ion of the  t r a n s m i s s i b i l i t y  f ac to rs  
by exper lmn ta l  techniques. 
Extensive t r a n s i e n t  o r b i t  studies of the response o f  t h e  non- ( 8 )  
I inear f l u i d - f i  Im dampers t o  large perturbations. 
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